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Periodic table for topological insulatorsand superconductors
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Abstract. Gapped phases of noninteracting fermions, with and witltharge conservation and time-reversal symmetry,
are classified using Bott periodicity. The symmetry and iapaimension determines a general universality classchwhi
corresponds to one of the 2 types of complex and 8 types ofidiird algebras. The phases within a given class are éarth
characterized by a topological invariant, an element ofeséelian group that can be @, or Z,. The interface between
two infinite phases with different topological numbers neesty some gapless mode. Topological properties of fini&esys
are described in terms &f-homology. This classification is robust with respect todier, provided electron states near the
Fermi energy are absent or localized. In some cases (gggemnguantum Hall systems) tetheoretic classification is stable
to interactions, but a counterexample is also given.
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The theoretical study [1,/ 2, 3] and experimental ob-trons(mod?2) in the ground state. Fat= 1, a systemin
servation|[4] of the quantum spin Hall effect in 2D sys- this symmetry class, dubbed “Majorana chain”, also has
tems, followed by the discovery of a similar phenomenona Z, invariant, which indicates the presence of unpaired
is 3 dimensiond [5,/6, 7| 8| 9], have generated considerMajorana modes at the ends of the chain [12]. But for
able interest in topological states of free electrons. Bottd = 2 (e.g., apx + ipy superconductor), the topological
kinds of systems are time-reversal invariant insulatorsnumber is an integer though an even-odd effect is also
More specifically, they consist of (almostpninteract-  important [13} 14].
ing fermions with agapped energy spectrum and have T-invariant insulators have an integer invariant (the
both the time-reversal symmetryYand aU (1) symme-  number of particle-occupied Kramers doublet states) for
try (Q). The latter is related to the particle number, whichd = 0, no invariant ford = 1, and aZ, invariant for
is conserved in insulators but not in superconductors od = 2 [1,[2] and ford = 3 |5, [6,[7]. 3D crystals (i.e.,
superfluids. Topological phases with only one of thosesystems with discrete translational symmetry) have an
symmetries, or none, are also known. Such phases geadditional ¥, invariant, which distinguishes so-called
erally carry some gapless modes at the bour{%ary. “weak topological insulators”.

The classification of gapped free-fermion systems de- With the exception just mentioned, the topological
pends on the symmetry and spatial dimension. For exammumbers are insensitive to disorder and can even be de-
ple, two-dimensional insulators witholitsymmetry are  fined without the spectral gap assumption, provided the
characterized by an integerthe quantized Hall conduc- eigenstates are localized. This result has been estathlishe
tivity in units of €?/h. For systems with discrete trans- rigorously for integer quantum Hall systems|[15, 16, 17],
lational symmetry, it can be expressed in terms of thewvhere the invarianv is related to the index theory and
band structure (more exactly, the electron eigenstates asn be expressed as a trace of a certain infinite operator,
a function of momentum); such an expression is knownwhich represents the insertion of a magnetic flux quan-
as the TKNN invariant [11], or the first Chern number. tum at an arbitrary point. Its trace can be calculated with
A similar topological invariant (thé&-th Chern number) sufficient precision by examining daneighborhood of
can be defined for any even dimensthrFord = 0, itis  that point, wher¢ is the localization length. A similar lo-
simply the number of single-particle states with negativecal expression for thg, invariant of a 1D system with no
energy E < Er = 0), which are filled with electrons. symmetry has been derived in Appendix C of Refl [14];

However, the other three symmetry types (no symmeit involves an infinite Pfaffian or determinant.
try, T only, or bothT andQ) do not exhibit such a simple In this paper, we do not look for analytic formulas for
pattern. Let us consider systems with no symmetry at alltopological numbers, but rather enumerate all possible
Ford = 0, there is &, invariant: the number of elec- phases. Two Hamiltonians belong to the same phase if
they can be continuously transformed one to the other
while maintaining the energy gap or localization; we will
1 In contrast, strongly correlated topological phases (aitypons inthe  €laborate on that later. The identity of a phase can be de-
bulk) may not have gapless boundary modes[10]. termined by some local probe. In particular, the Hamil-
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TABLE 1. Classification of free-fermion phases with all possible bomations of the particle number conservati@p) énd
time-reversal symmetryl(). Therp(Cq) andrp(Ry) columns indicate the range of topological invariant. Exbspftopol ogically
nontrivial phases are shown in parentheses.

4 mCy d=1 d=2 d=3 4 mo(Ry) d—1 d—2 d—3
0 Z (IQHE) 0 7 no symmetry T only
1 0 (px+ipy, €.9., SrRu) (®HeB)
Above: insulators without time-reversal 1 7o no symmetry ~ Tonly T andQ
symmetry (i.e., systems wit symme- (Majorana chain) ((px+ipy)T+(px—ipy)l)  (BiSh)
try only) are classified using complés T only T andQ
theory. 2 2 (TMTSF)X) (HgTe)

Right: superconductors/superfluids (sys-
tems with no symmetry off -symmetry
only) and time-reversal invariant insula-
tors (systems with botf andQ) are clas-
sified using reaK-theory.

T andQ

~N~No o bhw
cooNo

no symmetry

tonian around a given point may be represented (in some We report a general classification scheme for gapped
non-canonical way) by a mass term that anticommute$ree-fermion phases in all dimensions, see Thble 1. It ac-
with a certain Dirac operator; the problem is thus reducedually consists of two tables. The small one means to
to the classification of such mass terms. represent the aforementioned alternation in TR-broken
Prior to this work, there have been several results toinsulators (a unique trivial phase for oddvs. an inte-
ward unified classification of free-fermion phases. Alt- ger invariant for everd). The large table shows a pe-
land and Zirnbauer [18] identified 10 symmetry classesiod 8 pattern for the other three combinationsTodnd
of matricedd which can be used to build a free-fermion Q. Note that phases with the same symmetry line up di-
Hamiltonian as a second-order form in the annihilationagonally, i.e., an increase thcorresponds to a step up
and creation operatora; and al. The combinations of (mod8§. (T-invariant 1D superconductors were studied
T and Q make 4 out of 10 possibilities. However, the in Ref. [21]. The(px+ipy)T+ (pPx—ipy)] phase was pro-
symmetry alone is only sufficient to classify systems inposed in Refs|[22, 23, 19]; the last paper also describes
dimension 0. Fod = 1, one may consider a zero mode an integer invariant foHe-B.) The 2+ 8 rows (in-
at the boundary and check whether the degeneracy idexed byg) may be identified with the Altland-Zirnbauer
stable to perturbations. For example, an unpaired Majoelasses arranged in a certain order; they correspond to 2
rana mode is stable. In higher dimensions, one may detypes of complex Clifford algebras and 8 types of real
scribe the boundary mode by a Dirac operator and likeClifford algebras. Each type has an associaledsify-
wise study its stability. This kind of analysis has beening space Cq or Ry, see Tabl€]2. Connected components
performed on a case-by-case basis and brought to conof that space (i.e., elements m§(R,) or m(Cq)) corre-
pletion in a recent paper by Schnyder, Ryu, Furusaki, angpond to different phases. But higher homotopy groups
Ludwig [19]. Thus, all phases up tb= 3 have been char- also have physical meaning. For example, the theory pre-
acterized, but the collection of results appears irregular dicts that 1D defects in a 3D TR-broken insulator are
A certain periodic pattern foZ, topological insula- classified byrs (Cy) = Z.
tors has been discovered by Qi, Hughes, and Zhang [20]. The (mod2 and (mod8 patterns mentioned above
They use a Chern-Simons action in an extended spaceye known ag3ott periodicity; they are part of the math-
which includes the space-time coordinates and some pamatical subject calle&-theory. It has been applied
rameters. This approach suggests some operational intan string theory but not so much in condensed matter
pretation of topological invariants and may even work for physics. One exception is Hava’s work [24] on the clas-
interacting systems, though this possibility has not beersification of stable gapless spectra, i.e., Fermi surfaces,
explored. In addition, the authors mention Clifford alge- lines, and points. In this paper, we mostly use results
bras, which play a key role in the present paper. from chapters II-IIl of Karoubi's book [25], in particular,
the relation between the homotopy-theoretic and Clifford
algebra versions oK-groups (a variant of the Atiyah-
2 These classes are often associated with random matrix éferout ~~ BOtt-Shapiro construction [26]).

the symmetry pertains to concrete matrices rather thanrtitapility
measure.




TABLE 2. Bott periodicity in complex and redl-theory. (The parameteksm, n should be taken to infinity.)

g mod 2 Classifying spadgq (Cq) gmod 8 Classifying spadey (Rg)
0 (U(k+m)/(U (k) xU(m))) x Z Z 0 (O(k+m)/(O(k) x O(m))) x Z Z
1 u(n) 0 1 O(n) Zy
— . — 2 0(2n)/U (n) Zs
Above: The classifying spacgy parametrizes Hermitian ma- 3 U (2n)/Sp(n) 0

tricesX with +1 eigenvaluesCy is theg-th loop space o€y;
it parametrizes such matricsthat anticommute witlg Clif- 4 (Sp(k+ m)/(Sp(k) Sp(m))) xZ L
ford generators. ) Sp(n) 0
. - N : . 6 Sp(n)/U(n) 0
Right: Similar classification for real symmetric matrices. 7 U (n)/0(n) 0
SOME EXAMPLES wherem ~ u—v. Thus, we need to study the Dirac

operatorD = yd + M, wherey = g and M = mig?.
To get a glimpse of the mathematical structure underlydf m gradually varies in space and changes sign, e.g.,
ing the topological classification, we consider a secondm(x) = —ax, the Dirac operator has a localized null
order transition between two phases, where the energstate, which corresponds to an unpaired Majorana mode
gap vanishes at some value of parameters. In this casa the second quantization picture. The existence of the
the low-energy Fermi modes typically have a Dirac spectrue null state is a subtle property, but it has a simple
trum, and the phases differ by the sign of the mass termsemiclassical analogue: a continuous transition between
Let us begin with the simplest example, the Majoranaa positive and a negative valuerais impossible without

chain [12]. This model has one spinless Fermi mode peclosing the gap.
site, but the number of particles is not conserved, which We now consider a model with two real fermions prop-
calls for the use oMajorana operators: agating in each direction, so that the mass term has more

freedom. This situation occurs, for example, at the edge
_ (j=1,....n). () qf a 2D_t0po|ogical insuIaFor. A gap opens in a magnetic
i T field or in close contact with a superconductot [27]. The

By convention, operators acting in the the Fock space (alamiltonian is as follows:
opposed to the mode space) are marked with a hat. The P+ Lp;‘

5 _at
4 -4

A A At A
Qj-1=2aj+4q;, Cj=

Majorana operators are Hermitian and satisfy the com- i, —i( — Q'T)
mutation relations &y + €m€ = 2dm; thus,cl,...,Con H= 5 / AT(yd+M)fdx, A= f Al (5)
may be treated on equal footing. (But it is still good to b+ Lpi

remember thatyj_; andcy;j belong to the same sitg) —i(g, - Q’D

The advantage of the Majorana representation is that all .
model parameters are real numbers _(- 0 Mo (~heio®) - m (6)
' Y={o —1) L -m' hioY) )’

A general free-fermion Hamiltonian for non-

conserved particles has this form: m= —he(ia¥) + h)l — (ReA)d*— (ImA)a?.  (7)
Ha— I_ AGiG o) If h, =0, the energy gap is given by the smallest singu-
AT 2 ; JkEi lar value ofm; it vanishes at the transition between the

“magnetic” and “superconducting” phase as the function
whereAis a real skew-symmetric matrix of size.ZThe  det(m) = hZ + h7 — |A|? passes through zero. The pres-

concrete model is this: ence ofh, complicates the matter, but if the spectrum
. n n—1 is gappedh; can be continuously tuned to zero without

H=— (u Zléz"léz' +v Zleﬂeml) , (3) closing the gap. We will see that, in generile mass

1= 1= term can be tuned to anticommute with y, in which case

" b g M consists of two off-diagonal blocksyand—m' .
At the transition between ‘the “trivial phasefu{ > |v|) With n modes propagegting in each direction, the non-

and the “topological phase’ju| < |Vi), there are two degenerate anticommuting mass term is givemby

counterpropagating_gapless modes. They may be relor(EiL(n R). This set has two connected components, hence
sented by two continuous sets of Majorana operators T !

~ L . L _“there are two distinct phases. Note that the sefrGR)
2|Jt|(c))?1 (p:oTn%’hza).sIr?iz fegfrerz:'tlve Hamiltonian near the tran is homotopy equivalent t&®; = O(n) (see Tablé12); it

provides the classification of systems with no symmetry
A~ b farf( @ m\. . (M for d = 1 (cf. Tabld1). We proceed with a more system-
H= > / n (—m _5> n dx, < ) v @) atic approach.



CLASSIFICATION PRINCIPLES We write X’ ~ X" (or X' =~ X" to be precise) iX’ and
X" are homotopic, i.e., can be connected by a continuous
Concrete mathematical problems may be formulated fopath within the matrix se€o(a). It is easy to see that
Dirac operators, band insulators, or more general systwo matrices are homotopic if and only if they agree in
tems. Let us set up the framework. We need to define gize and have the same number of negative eigenvalues.
set of admissible Hamiltonians and some equivalence reFor families of matrices, i.e., continuous functions from
lation between them; the equivalence classes may then i@me parameter spadeto Co(ar), the homotopy clas-
called “phases”. Continuous deformationhemotopyis sification is more interesting. For example, consider an
part of the equivalence definition, but it is not sufficient integer quantum Hall system on a torus. The boundary
for a nice classification. A key idea_\ in-theory_is that  conditions are described by two phasewd 2r), there-
of stable equivalence: when comparing two objectX’  fore the parameter space is also a torus. This family of
andX”, it is allowed to augment them by some obj¥ct  Hamiltonians is characterized by a nontrivial invariant,
We generally augment by a trivial system, i.e., a set ofthe first Chern number [28].
local, disjoint modes, like inner atomic shells. This cor- |t is clear thaCo(ar) can be contracted within itself to
responds to adding an extra flat band on an insulator. IEo(1) since we can interpolate between the identity map
may be the case that two systems cannot be continuoushhd the spectral flattening¢ — f;(X), wheret € [0,1],
deformed one to the other, but such a deformation befy(x) =x, f;(x) = sgnx, and the functiorf; is applied to
comes possible after the augmentation. Thus, the topahe eigenvalues of Hermitian matiwithout changing
logical classification of band insulators with an unlim- the eigenvalues. Thu€y(a) is homotopy equivalent to
ited number of bands is simpler than in the case of twacy(1), and we may use the latter set for the purpose of
bands! Likewise, it is easier to classify Dirac operators iftopological classification.
we do not impose any restriction on the size of gamma- Let us consider this example (whekeis a single
matrices. The final twist is tha€-theory deals withdif-  matrix or a continuous function of some parameters):
ferences between objects rather than objects themselves.
Thus, we consider one phase relative to another. o — X 0\ (0 il _ Y (11)
We now give exact definitions fod = 0 (meaning 0 0 —X —il 0 b

that the system is viewed as a single blob). The simplest )
case is where the particle number is conserved, but therEh€ actual homotopy ¥ = cogt7/2)Yo + sin(tm/2)Y1.

are no other symmetries. A general free-fermion has thidlote thaty* = 1 sinceYg = Y7 = 1 andYoY1 = —Y1Yo.
form: FurthermoreY; is homotopic to the matrix that consists

H= %Xjké}'ék’ (8) of o’ blocks on the diagonal; such matrices will be re-

i garded agrivial. This example shows that any admissi-

whereX = (X;) is some Hermitian matrix representing ble _system)(() is effect_ively canc_:e_led by its particle_—hole
electron hopping. Since we are interested in gapped sy&£oniugate ¢X), resulting in a trivial system. That is al-

tems, let us require that the eigenvalueXafre bounded ways true for free-fermion Hamiltonians, with any sym-

from both sides, e.gA < || < Emax. The following ~MeUy, in any dimension. L
condition is slightly more convenient: Equivalence between admissible matrices is defined as

follows:
a<e<al 9)

l "o / ~ X!
wherea < 1 is some constant. This class of matrices is X~ X it X@Y~ XY for someY, (12)

denoted byCo(a), and the corresponding Hamiltonians ywhere ¢ means building a larger matrix from two di-
are calledadmissible. (Some locality condition will be  3g0nal blocks. Without loss of generality, we may as-

needed in higher dimensions, but tb= 0, this is it.) sume tha is trivial. Indeed, ifX’ @Y ~ X" @Y, then
The “spectral flattening” transformatio’X — X = x/gy g (—Y) ~ X" @Y @ (-Y), and we have seen that

sgnX reduces admissible matrices to a special formy ¢, (_y) is homotopic to a trivial matrix.

where all positive eigenvalues are replaced-by, all The difference class d(A, B) of two same-sized matri-

negative eigenvalues are replaced-by, and the eigen- cesis represented by the p@k; B) up to this equivalence
vectors are preserved. (The matrix elem¥jptis, essen-  rg|ation:

tially, the equal-time Green function.) Such special ma-

trices constitute the set (ANB)~(A",B") if AoB'~A"@B. (13)
Co(1)= | Um/U (k) xU(n—k)), (10)  Note that the the matrix sizes in different pairs need not
Osksn be the same. Sinc@, B) ~ (A® (—B), B® (—B)), it is

wheren andk are the matrix size and the numbersdf  sufficient to consider pairs where the second matrix is
eigenvalues, respectively. trivial. Thus, the equivalence class (@, B) is given by a



single integerk = k(A) — k(B), wherek(- - -) denotes the The condition thatN is conserved as an integer is

number of negative eigenvalues. Sirgés trivial, k(B) equivalent to & (1) symmetry. In this case, the creation-

equals half the matrix size,= 2s. Hence k(A) = s+ k. annihilation expression of Hamiltoniafl (2) should not
To characterize the difference between tfaanilies  contain terms likeaja or 4/4!. This is a good point to

of matrices parametrized bf, one needs to consider note that the approach based on free-fermion Hamilto-

functions fromA to the classifying spadéo:ﬁ nians is fundamentally incomplete since it cannot distin-
. guish between the fulll (1) group and itZ4 subgroup,
Co= kUZMl,U (25)/(U(s+k) xU(s—k)). which is generated by the transformatian-> i4;. Let
S

us assume for a moment that the actual symmet#yis
It is the same space as in Table 2. The Abelian groughen terms likeasd,a34,4 are allowed in principle, but
of difference classes=( homotopy classes of functions not in a free-fermion Hamiltonian. Therefore topologi-
A — Cy) is denoted bK2(A) = (A, ). cal invariants of noninteracting systems may not be pre-
served in the presence of interactions. In the following
example, the number of particle-occupied states changes
SYMMETRIES AND CLIFFORD by 4 by a continuous path through an interacting phase:

ALGEBRAS

IN

In this section, we complete the = O classification. A = cos(nt)gl 8+ sin(rt) (a8 + h.C).

Since the particle humber is not generally conserved,

we will use the HamiltoniaHa given by a real skew- Note that the ground state remains non-degenerate for alll

symmetric matrixA (see Eq.[(R)). To generalize some values oft. On the other hand, a homotopy like that is

arguments of the previous section, let us also define thenly possible if the interaction term exceeds the energy

trivial Hamiltonian:Hgyi, = )y (a’faj - _) HQ, where gap at some point. Thus, the noninteracting topological
classification is generally stable to weak interactions, bu

0 1 not to strong ones. In tHg(1) case, it is absolutely stable
-1 0 though (at least, fod = 0). We now set this discussion
Q= 0 1 ) (14)  aside and proceed with the noninteracting case.

-1 0 It is easy to see that the Hamiltoniall (2) U§1)
. invariant if and only if the matrixA commutes with
Q (see Eq.[(14)). Another possible symmetry is time-

The eigenvalues ofA come in pairs(+igj, —igj), reversal invariance. It can be expressed by an antiunitary
whereg; are positive and satisfy inequalifyl (9). Replac- operatorT acting in the Fock space; this action is defined
ing Awith A = —i sgr(iA) takese; to 1. The matriAcan @S follows:
be represented e3QS 1, whereS € O(2n). However, 4 -|A-71_ a Tal §-1_ 3t

: o ; i Al P | i il in
this representation is not unique sir®ean be multiplied  TiT = —i, . .t
on the right by any orthogonal matrix that commutes with T =-a, T il
Q. Such matrices form a subgroup®f2n) that may be
identified withU (n). Thus, the set of matricds(i.e., real  Convertingai;,aj, & ,a{ ... into ¢1,62,63,Cs,..., we
skew-symmetric matrices withi eigenvalues) is equal obtain a relation of the forrii énT 1 = 31 TimG, where
to O(2n)/U (n). Let us take th& — oo limit by identify-  the matrixT consists of 4< 4 blocks:
ing Awith A®Q (where the size of) can be any even

—|> —|)

number). The result is listed in Taljle 2 as the classifying 0 0 -10
spaceRy: (])_ 8 8 é
R, = lim O(2n)/U(n) o -1 0 o (15)

The seR, has two connected components, which are dis-
tinguished by the value of s§RfA) = PfA=detS=+1.

The physical meaning of this invariant is tl‘mmlomc TheT-invariance of the Hamiltonian is equivalent to the
parity (— )N in the ground state, wheté = zJaJ djis  onditionTA = _AT.

the particle number. Note thBitis conservedmod2). Let us describe a common algebraic structure that
is applicable to three symmetry types: no symmetry,
only, andT andQ. First, note these identities:

3 Here limn_. is a so-callediirect limit: the unitary cosets for smaller 2 2
mare mapped into ones for larger T =Q =-1, TQ=-QT. (16)



It is convenient to introduce some new notatien=T,
e = QT. Note thate, anticommutes withA if both

Representations of the algebed ® R(n) (for any <)
have very simple structure, namely® R", where the

the T and Q symmetries are present. Let us also usefirst factor is some representation .of and the second

A= —isgniA) instead ofA. Then we have the following
characterization:

Nosymmetry: A2=—1;
Tonly: &=A2=-1, eA=—Ae;
TandQ: &€=g=A2=-1,

e =—&e, gA=-Ag (j=12).
The pattern is pretty obvious. We hap@redefined ma-
tricesey,...,ep (p=0,1,2) satisfying Clifford algebra
relations (see exact definition below) and look for all pos-
sible choices of another Clifford generaggr 1 = A.

The (real) Clifford algebra CiffP? is generated by
elementsy, ..., ep q satisfying these relatioffs:

E=..—@=1 &, ,=. -6

P p p+q —
& = &€ K).

1,

)

o 17
(# 40
All Clifford algebras can be described in terms of the 3
simple algebras with real coefficieni®:(real numbers),
C (complex numbers), anfl (quaternions). For exam-
ple, Ciff®! is isomorphic toR & R since it consists of
linear combinations of two complementary projectors,
$(1£e). The algebra Ciff® can be identified withC
by mapping the negative generatgrto i. Furthermore,
Ciff%2 = Ciff11 =~ R(2) (the algebra of real 2 2 matri-
ces where the Clifford generators are mappedioc™
or to 07, iaY, respectively), and Cif° = H. For more
details on Clifford algebras and their usedrtheory, see
Refs. [26] 25].
In the problem at hand, the Clifford generators act in
the mode spade.Thus, we deal with Clifford algebra
representations such thatey,...,ep and epi1,...,€piq

are represented by real skew-symmetric and real sym-

metric matrices, respectively. To classify free-fermion
Hamiltonians, we consider representations of Gt
with fixed action ofey, ..., ep; we call that the “Clifford
extension problem witlp negative generators”.

For technical reasons, it is convenient to reformu-
late the problem in terms of positive generators. To
this end, we will employ the isomorphism Cift+2 =~
Ciff° @R (2), which may be defined as follows:

g »—»e@@(ioy) forj=1,...,p,

18
epr1—1®0% ep2—Il®d (18)

4 An alternative notation is also used, where the positiveeggors
(eJ2 =1) are listed first and the parametgrandq are swapped.

5 In comparison, the Majorana operatargyénerate a (complex) Clif-
ford algebra acting in the Fock space.

comes with the standard action of the matrix algebra
R(n). Thus,o and« ® R(n) have the same representa-
tion theory (i.e., their representations are in a naturaton
to-one correspondence); such algebras are cllarita
equivalent. Up to Morita equivalence, Ciff® only de-
pends orp— g mod 8.

We conclude that the classification of free-fermion
Hamiltonians with p negative Clifford symmetries is
equivalent to the extension problem wigh= p+ 2 pos-
itive generators. That is to say, we need to find all possi-
ble actions ofey,1 (€2, = 1) if the action ofey,...,eq
is fixed. InK-theory, the problem is formulated in terms
of difference objects (E,F,w), whereE, F are represen-
tations of Ciff4*1 andw is a linear orthogonal map
that identifies them as CHfl representations, sele [25].
Without loss of generality, we may fik to be a sum
of several copies of the regular representation (which
corresponds to a trivial Hamiltonian) and the iden-
tity map. Such difference objects form the classifying
spaceRy (see Tabld]2). The Abelian group of equiv-
alence classes of difference objects parametrized by
is Kﬂ%q(/\) = T(A\,Ry). It is isomorphic to the conven-
tional realK-group Kﬂgq(/\), which is also denoted by
KO 9(A). In the special case wher® = pt (a single

point), we geKy (pt) = m(Ry).

CLASSIFICATION FOR ARBITRARY d

We begin with a short summary, focusing on the symme-
try classes that correspond to réatheory. It is natural
to distinguish three cases:

1. Continuous free-fermion Hamiltonians are classi-
fied by K () = m(Rq—q), WhereS! represents
the momentum space (see below). Sufficient insight
can be gained by considering Dirac operators. This
setting is actually more general than one might ex-
pect: gapped Hamiltonians in the momentum space
are topologically equivalent to nondegenerate mass
terms that anticommute with a fixed Dirac operator.
Long-range disorder may be describedtbxtures
of the mass term varying in space, i.e., continuous
functionsM : RY — Ry_g.

. Band insulators are characterized by the momen-
tum spaceld, hence the classification is given by
Kg "(T9). This Abelian group includesy(Ry_q) as
a direct summand, but there is some extra piece (cf.
“weak topological insulators”).

. Arbitrary local discrete systems under the energy
gap or localization condition. (“Local” means that



the electron hopping is short-ranged. The gap con<¢lassifies the nondegenerate mass tekins the real
dition is stronger than the localization, but the prob- self-adjoint Dirac operatoD = 5 ,¥ada + M, wherey,
lem for the localized case can be reduced to that folare skew-symmetridyl is symmetric, and

the gapped case.) Realizations of short-range disor-

der fall into this category. The classification of such Ya¥b + WbYa = —Oab, yaM = —Mya.  (23)
general systems is exactly the same as for Dirac op

erators, due to the following (ReplacingM with M = sgnM, we can achieve that

. _ M2 = 1.) In addition, we assume thg, ...,y andM
T_heo_rem(; Any gapped local free-fermion Hamilto-  iicommute with the symmetry generatass. .., e,

nian in R is equivalent to a texture. Thus, the gamma-matrices play the role of Clifford sym-
(That is the key technical result, but | cannot ex- metries with opposite sign; they effectively cancel the ac-
plain it in any detail in such a short note.) Discrete tyal symmetries. Note that those new “symmetries” do
systems on a compact metric spacare classified not entail any conservation laws. Our argument only im-
by theK-homology groupg'(L). plies that any continuous spectrumeiguivalent (up to

an augmentation and homotopy) to a Dirac spectrum that

. . has the additional symmetries.
Continuous systems and Dirac operators Y

The Hamiltonian of a translationally invariant systems

can be written in the momentum representation: Discrete systems

a” o Let us consider the Hamiltoniall (2), where each mode
H= 4 > ZAik(p)C*P!icp’k’ (19) | is associated with a site, or point in the real space.
Lt There may be several modes per site; symmetries (if
wherej andk refer to particle flavors. The matrix(p)is ~ any) act independently on each site. We assume that the
skew-Hermitian but not real; it rather satisfies the condi-Hamiltonian isr-local (i.e., Ajx = 0 if the distance be-
tion Ajk(p)* = Ajk(—p). By abuse of terminology, such tWweenrj andry is greater tham) and that it isa-gapped
matrix-valued functions are called “functions frorst (-6 the eigenvalues; of iA satisfy inequality((B)). Un-
to real skew-symmetric matrices”, wheRd is the usual ~ der these conditions, the matrix elemént decays very
Euclidean space with the involutign— —p (cf. [29]). fast as the distance betwegnand k goes to infinity,
The symmetry is defined by some Clifford generatorsWhiCh is a sign~0f Iocalizatign. ConverseINy, if we start
represented by real matrices whose action does not davith the matrixA (such thatA? = —1 andAjx decays
pend onp. As described in the previous section, we canfast enough) and set all the elements|fgr—ry| > r’ to
turn negative generators to positive and replage) by  zero, we will obtain a gapped local matrix. Both transfor-
another Clifford generatag,1(p). While the matrices mations can be done continuously, which roughly shows
el,...,eq are real symmetrice, 1 is Hermitian and sat- that the set of localizing Hamiltonians is contractible
isfies the conditiomy 1(p)* = €gr1(—p). within itself to the set of gapped Hamiltonians (up to a
A reasonable classification can be developed when thehange of controlling parameters). Thus, we may stick
asymptotics ofA(p) for |p| — o is fixed. We may iden-  with the gapped case without any loss of generality.
tify the infinity in the momentum space with the bound-  Using the standard trick, we replagavith a realsym-
ary of a large ballgB9. Thus, the difference between two metric matrix X that isr-local, a-gapped, and anticom-
phases may be characterized by an element of the relativeutes withq positive Clifford symmetries. The above-
K-group mentioned theorem pertains to such matrices. Here, we
o o only discuss it at the physical level. The texture corre-
KH%Q(Bd,ﬁBd) = Kﬂ%q(sd) = To(Ry—d)- (20)  sponding to the matriX is constructed algorithmically,
albeit in a contrived fashion. The procedure is local, with
a characteristic radids= cr, wherec depends omnl and
a. The number of Dirac modes neededd<for local-
ized systems, it’s the localization volume). To calculate

Here we have used the isomorphism [25]

KPIX) =KR(SX) (r=q—pmod8, (21)

and the(1, 1) periodicity [29]: M(r), we only look at thé-neighborhood of point, and
M doesn’t vary much at distances smaller thawe may
KD (SSX) =2 K(X), (22)  then discretize the Dirac operator on a fine grid, with
andM rescaled properly so as to keep thhgarameter
whereSdenotes the suspension. fixed. Thus, we obtain arf-local, a-gapped matrixX’,

The grouprp(Ry—q) = Kﬂg’q(pt) on the right-hand side wherer’ is arbitrary small. The equivalence betwe¢n
of Eg. (20) has a concrete physical interpretation. ItandX’ involves an augmentation and a homotopy, where



r may increase by a constant factor before it shrinkehe momentum space picture is non very intuitive. To un-

down tor’. derstand and calculate the grol{@q(Td), we relate it
This theorem implies that the boundary between twoto K-homology of the real-space torus by means of the

phases must carry some gapless modes. Indeed, eaBaum-Connes isomorphism fé@f (aK-theory analogue

phase may be characterized by the mass M(m com-  of the Fourier transform). Then we apply the Poincare

puted at any point away from the boundary. Since theduality. Thus,

phases are different, the two mass termsgr 1), M(r2) _

belong to different connected components of the classi- Kﬂgq(’ﬂ‘d)% K}f('ﬂ‘d) o Kﬂg’q('ﬂ‘d)

fying space. But if the boundary between the phases were ~ ~d—q/rmd

gapped, we could make the whole system into a continu- = To(Ry-a) © Ky (T7).

ous texture, and thud(r) andM(r2) would belong to  The first term is the same as before, but the last one is

(25)

the same component — a contradiction. _ new. It further splits, though not canonically:
A gapped local system on a compact metric space
L (say, a manifold with or without boundary) is char- g d-1 /4
acterized by aK-homology classé € K (L), where Kg Y(TY =P (s) To(Rg-s)- (26)
g is defined(mod8). K-homology (see e.gl [30]) and s=0

the related noncommutative geometry|[31] are advance
subjects, but the basic intuition is rather simple. Let
us consider systems with no symmetoy=€ 2) on the kvfl(TS) ~ 7,637, 27)
two-dimensional torusl,. = T2. Such systems are triv- R
ially characterized by the number of fermions in the The Z term is the number of (Kramers degenerate) va-
ground stateép € Z,. Now imagine a closed Majorana |ence bands, whereag3 pertains to “weak topological
chain winding around the torus. It defines a homologyinsulators”.
classé; € H1(T?;Z,), which is a topological invariant
for gapped local systems. It can be measured by cut-
ting the torus along some cycke and counting edge THE EFFECT OF INTERACTION
modes(mod2. Or one can flip the sign of all matrix
elementsAjx spanning across the cut and see h§yv  Topological properties of gapped local free-fermion sys-
changesé; (€) = &o(+) éo(—). If the torusiis filled witha  tems are mostly understood. The big open question is
Px-+ipy superconductor, the system has a nontrivial two-how the classification is changed by interactions, e.g.,
dimensional invariant{; € Z. But if & is odd, then the  whether different free-fermion phases can be deformed
properties of the 1D invariant changg:is not a homol-  one to another through an interacting phase without clos-
ogy class, but rather, a spin structure. Indeed, ing the gap. In some cases, e.g., the integer quantum Hall
_ & effect and chiral 2D superconductors, the topological in-
fo(++)fo(+—)bo(=+H)bo(——) = (=%, 4 s are related to physical properties that are well-
where £ refers to the sign of matrix elements acrossdefined in the presence of interactions (namely, the Hall
two basis cycles. In general, the definition of low- conductivity and the chiral central charge, which deter-
dimensional invariants (except in dimension 0) dependsnines the edge energy currentl[32] 14]). The Kramers
on the higher-dimensional ongdheK-homology class  degeneracy analysis of vortex-bound states demonstrates
includes all. the stability of 2D topological insulators![2, [33] and
(Px+ipy)T+ (Px—ipy)| superconductors [22].
However, the free-fermion classification is unstable
Band insulators for 1D systems with the unusu@l symmetry:T2 = 1
instead ofT2 = (—1)N. For a concrete model, consider
The main difference_from continuous systems is thathe Majorana chain and its variations, whéreacts on
the momentum space . Since there is no need to fix odd sites byT & T = —¢; so that terms like¢;¢ are
the spectrum at infinity, the classification is given by theonly allowed between sites of different parity. In the
absoluteK-groupk2%(T9) = K, %(T9). The band struc-  free-fermion setting, this symmetry is described by one
ture analysis in Refs| [2, 5| 7] and others offers a con{ositive Clifford generator, henge= -1, q=p+2=
crete view of that group in certain cases. Unfortunately,1, and ford = 1 we get a topological invariark €
To(Ry—d) = Z. For example, the usual phase transition
in 8 parallel Majorana chains is characterizedkby 8.
6 The term “invariant” is used in a S|oppy way, but one can mgm'y But in th|S particular case, the two phaseS are aCtua"y

define the range ofs, assuming tha€s;1 = ... = & = 0. Itis the  connected through an interacting phase [34].
Abelian groupEgy,_s of the K-homology spectral sequence.

Eor 3DT-invariant insulators, i.ed = 3, g = 4, we get:




| am grateful to Andreas Ludwig and Shinsey Ryu for 16.

ACKNOWLEDGMENTS

teaching me aboutHe-B and (px+ipy)T + (Px—ipy)l
and helping to fit these phases into the periodic table. |,
also thank John Preskill, Michael Freedman, John Roe,

Charles Kane, and Grigori Volovik for stimulating dis-
cussions. This research is supported in part by NSF under
grant No. PHY-0456720.

10.

11.

12.

13.

14.

15.

REFERENCES

C. Kane, and E. Mele, “Quantum Spin Hall Effect

in Graphene,” Phys. Rev. Lett. 95, 226801 (2005),
cond- mat/ 0411737,

C. Kane, and E. MeleZ, Topological Order and the
Quantum Spin Hall Effect,” Phys. Rev. Lett. 95, 146802
(2005),cond- mat / 0506581l

B. Bernevig, T. Hughes, and S.-C. Zhang, “Quantum
Spin Hall Effect and Topological Phase Transition in
HgTe Quantum Wells,” Science 314, 1757 (2006),
cond- mat / 0611399.

M. Konig, S. Wiedmann, C. Brune, A. Roth, H. Buhmann,
L. Molenkamp, X.-L. Qi, and S.-C. Zhang, “Quantum
Spin Hall Insulator State in HgTe Quantum Wells,” ,
Science 318, 766 (2007)ar Xi v: 0710. 0582.

J. Moore, and L. Balents, “Topological invariants of
time-reversal-invariant band structures?hys. Rev. B 75,
121306 (2007)cond- nat / 0607314l

R. Roy, “Three dimensional topological invariants

for time reversal invariant Hamiltonians and the
three dimensional quantum spin Hall effect,” (2006),
cond- mat / 0607531,

L. Fu, C. Kane, and E. Mele, “Topological Insulators in
Three Dimensions,” Phys. Rev. Lett. 98, 106803 (2007),
cond- mat / 060/699.

L. Fu, and C. Kane, “Topological insulators with
inversion symmetry,” Phys. Rev. B 76, 45302 (2007),
cond- mat / 0611341,

D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. Hor, R. Cava, and
M. Hasan, “A topological Dirac insulator in a quantum
spin Hall phase,” Nature 452, 970 (2008).

S. Bravyi, and A. Kitaev, “Quantum codes on a lattice
with boundary,” (1998)guant - ph/ 9811052.

D. Thouless, M. Kohmoto, M. Nightingale, and M. den
Nijs, “Quantized Hall Conductance in a Two-Dimensional
Periodic Potential,” Phys. Rev. Lett. 49, 405-408 (1982).
A. Kitaev, “Unpaired Majorana fermions in quantum
wires,” (2000)/cond- mat / 0010440.

N. Read, and D. Green, “Paired states of fermions
in two dimensions with breaking of parity and time-
reversal symmetries and the fractional quantum

Hall effect,” , Phys. Rev. B 61, 10267-10297 (2000),
cond- mat / 9906453,

A. Kitaev, “Anyons in an exactly solved model and
beyond,” , Annals of Physics 321, 2-111 (2006),
cond- mat / 0506438,

J. Bellissard, “K-theory of C*—Algebras in solid
state physics,” irRtatistical Mechanics and Field
Theory: Mathematical Aspects, edited by T. Dorlas,

N. Hugenholtz, and M. Winnink, 1986, vol. 257 of
Lecture Notes in Physics.

J. Avron, R. Seiler, and B. Simon, “Quantum Hall effect
and the relative index for projections,Phys. Rev. Lett.

65, 2185-2188 (1990).

. J. Bellisard, A. van Elst, and H. Schulz-Baldes,

“The noncomutative geometry of the quantum Hall
effect,” , J. Math. Phys. 35, 5373-5451 (1994),
cond- mat /9411052,

18. A. Altland, and M. Zirnbauer, “Nonstandard symmetry

19.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

classes in mesoscopic normal-superconducting hybrid
structures,” ,Phys. Rev. B 55, 1142-1161 (1997),
cond/ mat / 9602137.

A. Schnyder, S. Ryu, A. Furusaki, and A. Ludwig,
“Classification of topological insulators and
superconductors in three spatial dimension&hys.

Rev. B 78, 195125 (2008)ar Xi v: 0803. 2786l

. X.-L. Qi, T. Hughes, and S.-C. Zhang, “Topological field

theory of time-reversal invariant insulatorsPhys. Rev.
B 78, 195424 (2008)ar Xi v: 0802, 3537

K. Sengupta, I. Zuti H. Kwon, V. Yakovenko, and
S. Das Sarma, “Midgap edge states and pairing symmetry
of quasi-one-dimensional organic superconductors,” ,
Phys. Rev. B 63, 144531 (2001)cond- mat / 0010206.
X.-L. Qi, T. Hughes, S. Raghu, and S.-C. Zhang,
“Topological Superconductivity and Superfluidity,”
(2008),ar Xi v: 0803. 3614.

R. Roy, “Topological superfluids with time reversal
symmetry,” (2008)ar Xi v: 0803. 2868.

P. Hdava, “Stability of Fermi Surfaces and K Theory,” ,
Phys. Rev. Lett. 95, 16405 (2005)hep- t h/ 0503006

M. Karoubi,K-theory: an introduction, Springer-Verlag,
1978.

M. Atiyah, R. Bott, and A. Shapiro, “Clifford modules,” ,
Topology 3, 38 (1964).

L. Fu, and C. Kane, “Josephson Current and Noise
at a Superconductor-Quantum Spin Hall Insulator-
Superconductor Junction,” (2008, Xi v: 0804. 4469.
Q. Niu, D. Thouless, and Y.-S. Wu, “Quantized Hall
conductance as a topological invariant?hys. Rev. B 31,
3372-3377 (1985).

M. Atiyah, “K-theory and reality,” ;The Quarterly
Journal of Mathematics 17, 367—386 (1966).

N. Higson, and J. Roé&nalytic K-homology, Oxford
University Press, New York, 2000.

A. ConnesNoncommutative geometry, Academic Press,
San Diego, 1994.

C. Kane, and M. Fisher, “Quantized thermal transport in
the fractional quantum Hall effect,”"Rhys. Rev. B 55,
15832-15837 (1997§,0ond- mat / 9603118|

L. Fu, and C. Kane, “Time reversal polarization aritha
adiabatic spin pump,”Phys. Rev. B 74, 195312 (2006),
cond- mat / 0606336.

L. Fidkowski, and A. Kitaev (2009), in preparation.


cond-mat/0411737
cond-mat/0506581
cond-mat/0611399
arXiv:0710.0582
cond-mat/0607314
cond-mat/0607531
cond-mat/0607699
cond-mat/0611341
quant-ph/9811052
cond-mat/0010440
cond-mat/9906453
cond-mat/0506438
cond-mat/9411052
cond/mat/9602137
arXiv:0803.2786
arXiv:0802.3537
cond-mat/0010206
arXiv:0803.3614
arXiv:0803.2868
hep-th/0503006
arXiv:0804.4469
cond-mat/9603118
cond-mat/0606336

	Some examples
	Classification principles
	Symmetries and Clifford algebras
	Classification for arbitrary d
	Continuous systems and Dirac operators
	Discrete systems
	Band insulators

	The effect of interaction

