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Statistical evaluation: Pn(t) is the probability for the passage of n charges in the time t

The full statistical information provided 
by the generating function:

χ(λ) = !ei λn " =
!

n

Pn ei λn
from which one obtains

moments:

cumulants:

ÒClassicalÓ Random Source
1,2,3,É

counter

source

!nm " = (# i∂λ)m χ(λ = 0)

〈〈nm〉〉 = (−i! λ)m log " (# = 0)



ÒQuantumÓ Random Processes
ÒsplittingÓ of a wave function

x

scattering potential

x

scattering potential

vF

vFvF

a part of the wave function is transmitted, a part is reßected.

the incoming particle is not split!

with probability P1 the particle is transmitted

with probability P0 the particle is reßected

randomness due to the quantum nature!



DeÞnition of Full Counting Statistics

should be a periodic function with period2π

The straightforward deÞnition quantum average

counting operator

I(t)current

the generating function is 
not periodic!

There is no prescription how to order the current operators which are not commuting!

we need to specify the 
measurement procedure!

χ(λ) = !ei! n" =
!

n

Pnei! n

! (" ) = !eiλn"

charge transferred in the time t

n =
∫ t

0
dt! I(t! )



Two DeÞnitions for FCS

Avron, Bachmann, Graf, Klich, math-ph 070099 

Shelankov, Rammer,  EPL 2003

Projection measurement:

! (" ) = ! !T eiλn/2 T eiλn/2"
Muzykantskii,  Adamov, PRB 2003

! (" ) = !eiλn"straightforward deÞnition

for each particle the spin turns by an 
angle !  dependent on the interaction 
strength

initial time t0

n =
∫ t

0
dt! I(t! )

x0

x0

Þnal time t1

n0 = Θ(x− x0)

usual projective measurement as learnt in 
QM I

Levitov, Lesovik, JETP Lett. 1993

n1 = U  n0U

Spin counter:

!
z

S = 1/2

x0

! (" ) = 〈ei λn 1 e−i λn 0 〉
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for most situations the two 
deÞnitions agree



Equivalence FCS Ð Fidelity
Full Counting Statistics: Fidelity:

!
z

S = 1/2

x0

χF CS (λ, t) = Tr
[
ρei(H+! h/2)t/!e−i(H−! h/2)t/!

]
χfid(λ, t) = 〈Ψ|ei(H+λh/2)t/! e−i(H−λh/2)t/! |Ψ〉

= 〈Ψ−out |Ψ+
out 〉

Peres (1984)Levitov, Lesovik (1993)



Equivalence FCS Ð Fidelity
Full Counting Statistics: Fidelity:

! ↔ |Ψ〉〈Ψ|

Second quantized formalism First-quantized formalism

Correspondence between FCS / Fidelity

!
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Setup

unit-ßux Lorentzian 
voltage pulse:

single electron source:

1D quantum wire

V (t)
x

vF

vF

|! (x, t)|2

t0 t

eV(t) eV (t) = − 2!τ

(t− t0)2 + τ2

Keeling, Klich, Levitov PRL 2006

Levitov, Lee, Lesovik JMP 1996

F•ve et al. Science 2007

theory:

experiment:

statistics of arbitrary pulses:
Vanevic et al. PRL 2007

Abanov and Ivanov, arXiv 2007
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Results

assume the incoming state is 
a simple Slater determinant, 

(e.g. for two particles,

Tk

x

! F

xcxs = 0

f 1(k) f 2(k)

vFS n

non-entangled state in the sense of 
Schliemann, Cirac, Ku" , Lewenstein, Loss, PRA 2001 

no interaction, i.e., the state stays non-entangled in 
course of the time evolution

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

overlap matrix

assume we can generate
individual electrons at will.

T =
∫

dk
2!

Tk |k!" k|

transmission operator

Ψin (k1, k2) ! f1(k1)f2(k2) " f2(k1)f1(k2)
)

general result in (Þnite) 
determinantal form

- easy to use
- generalizable
- new regularization schemes for N #  ∞

! TQ = U†QU

→ ηTQ
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Binomial Statistics
χ(λ) =

det〈fm|1− T + T eiλ|fn〉
det〈fm|fn〉

Levitov,  Lesovik, JETP Lett. 1993

energy independent 
scattering probability

χ(λ) = (1 ! T + Teiλ)N

simple example:

Binomial statistics

the probability for the transmission of n particles is given by

Pn =
(

N
n

)
Tn(1− T)N−n

the Fano factor (signal to noise ratio)

F = 〈〈n2〉〉/〈n〉 = 1− T < 1

is sub-poissonian.



One particle

x

scattering potential

vF

vFvF

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

reßection 
probability P0

transmission 
probability P1

χ(λ) = (1 ! "T#) + "T#ei λ

energy dependent 
scattering probability



Two Particles

Tk

x

! F

xcxs = 0

f 1(k) f 2(k)

vFS n χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

invariance of the Slater determinant state 
with respect to basis transformation:

the same two-particle 
Slater determinant state

f1(k), f2(k) gm(k) = Amnf n(k) det A != 0

! g
Sl(k1, k2) ∝ det gm(kn)! f

Sl(k1, k2) ∝ det fm(kn)

= sgn(det A) ! f
Sl(k1, k2)

normalization



Given 2 quadratic forms, one positive deÞnite (metric),
both can be diagonalized simultaneously.
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(T− τl S)vl = 0

generalized eigenvalues

! (" ) =
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¥transformations leave the Slater det invariant
¥exchange effects: 

             the difference to the ÒclassicalÓ result change



Geometrical Interpretation
χ(λ) =

det〈fm|1− T + T eiλ|fn〉
det〈fm|fn〉

S is a metric (pos. def. quadratic form)

Þnd orthogonal eigenvalues of  T with respect to S

τ1 = min
g;S(g)=1

T (g)

! 2 = max
g;S(g)=1

T (g)
S(g) = 〈g|S|g〉
T(g) = 〈g|T|g〉

we can Þnd a 
orthonormalized basis
where     is diagonalT

Tmn = !fm|T |fn"

Smn = 〈f m |f n 〉

(T− τl S)vl = 0

generalized eigenvalues

! (" ) =
2∏

l =1

(1− #l + #l ei ! )

see Courant-Hilbert
min-max principle
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Two Particle Processes

Tk

x

! F

xcxs = 0

f 1(k) f 2(k)

vFS n

1P0
0.50

0

P2

0.5

1

binomial

F = 1
super-poissonian

sub-binomial

P1 = 1 ! P0 ! P2 < 0

! 1 = ! 2 = T

F = !! n2""/ !n"signal to noise ratio

F > 1

¥are described by P0, P1, P2 

with P0+ P1+ P2=1

¥where do generalized 
binomial statistics reside ?

χ(λ) =
2∏

l =1

(1− τl + τl ei λ)

→
!

P0 +
!

P2 ≤ 1
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1

binomial
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poissonian

sub-binomial generalized binomial 
statistics is
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F > 1
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! F =
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χ(λ) =
2∏

l =1

(1− τl + τl ei λ)

! F =
""n2##

"n#
$ 1 %"n#/2

what about super-
binomial statistics ?



Application

device
pair of spin 1/2 particles

scattering potential
(spin-independent)

vF

counter

for non-entangled particles 
(simple Slater determinant states) 

the noise is sub-binomial

4 possible states:

singlet

triplet

|s,m = 0〉

|t, m = 0!

|t, m = 1〉
|t, m = ! 1"

for spin independent 
scattering

sub-binomial

super-binomial
Burkard, Loss, Sukhorukov, PRB 2000

similar results for a setup
involving a beam splitter

here we trade the beam
splitter for an energy
dependent scattering

probability

entangled ↕ 

Taddei, Fazio, PRB 2002



N Particles
χ(λ) =
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N Particles

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

Tmn = !fm|T |fn"

Smn = 〈f m |f n 〉
solve the generalized
eigenvalue problem

det(T− τ S) = 0

Tk

x

! F

xcxs = 0

f 1(k) f 2(k)

vFS n



N Particles

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

Tmn = !fm|T |fn"

Smn = 〈f m |f n 〉
solve the generalized
eigenvalue problem

det(T− τ S) = 0

generalized binomial
distribution like a classical 

process where the particles 
are transmitted independent 

on each other

Tk

x

! F

xcxs = 0

f 1(k) f 2(k)

vFS n

! (" ) =
N!

l=1

(1 ! #l + #le
i! )



2 Ways to Arrive at Constant Voltage

$

constant density, n = 1/a, and $ #  !

a

Þll the Fermi sea in real space

constant density and $ #  !

eV

Þll the Fermi sea in momentum space

n = kF/2! = eV/hvF

Schšnhammer PRB 2007

vF

log ! N (" ) = Na

∫ 2π/a

0

dk

2#
log(1− Tk + Tk ei λ)

log ! t(" ) = tvF

∫ eV/!vF

0

dk

2#
log(1− Tk + Tkei! )

[N ! teV/ 2π! ]

inÞnite measuring time t #  !
Þnite (large) number of particles

Þnite (large) measuring time
inÞnite number of particles



Train of Overlapping Particles

x

vF

scattering potential

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

N particles

Tmn = T (m ! n)

all the same shape with separation a

Smn = S(m− n)
Toeplitz matrices

as N #  ! the asymptotic value of the 
determinants can be calculated by 

Szeg%Õs theorem

$

�V

�V

a

inÞnite measuring time t #  !
Þnite (large) number of particles



Szeg%Õs Theorem

if the width $ of the particles approaches !

am =
! 2π

0

dθ

2π
a(θ)e! imθ

[AN (a)]m,n = am−n

logdet AN (a) ∼ N [loga]0 +
∞∑

n=1

n[loga]n [loga]−n

given a series of NxN Tšplitz matrices, with N #  !

the asymptotic form of the determinant is given by

where

x

vF

scattering potential

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

N particles
all the same shape with separation a

$

a

log ! N (" ) = Na

! 2! /a

0

dk

2#
log(1 ! Tk + Tkei" )



Trains of Wave-Packets

vF
$

a
ξ ! a

vFa
$

ξ ! a

Tk

1/ !

2" / a

0

k

1/ ! Tk

2" / a

k

Òconstant voltageÓ

eV/ !vF

independent events

independent particles,
probe transmissions
up to 1/ξ

exchange effects 
generate Fermi sea
with transmissions
probed up to 2! /a



Þnite (large) measuring time
inÞnite number of particles

Constant Voltage (Þnite measurement times)

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

long times:

x

vF

scattering potentialN particles

eV

wave packets 
(scattering theory)

Szeg%Õs theorem in real space [or matrix in ÔdetÕ is diagonal in energy basis
"""""""""""""""""""""""""""""""""""""""""""""as the energy conservation becomes ÒsharpÓ]

!n" = eV t/!

T → TQ = U†(t)QU(t)

Q =
!

I
dx |x〉〈x|

log χ!t (λ) = tvF

! eV/!vF

0

dk

2π
log(1 ! Tk + Tkeiλ)

Pn ! 2 = O(t4)



Constant Voltage (Þnite measurement times)

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

long times:

short times:

the probability distribution is reduced to two possible 
outcomes only, namely to measure either zero or one 

particle within the short time interval

x

vF

scattering potentialN particles

eV

wave packets 
(scattering theory)

Szeg%Õs theorem in real space [or matrix in ÔdetÕ is diagonal in energy basis
"""""""""""""""""""""""""""""""""""""""""""""as the energy conservation becomes ÒsharpÓ]
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Constant Voltage (Þnite measurement times)

χ(λ) =
det〈fm|1− T + T eiλ|fn〉

det〈fm|fn〉

long times:

short times:

the probability distribution is reduced to two possible 
outcomes only, namely to measure either zero or one 

particle within the short time interval
Pauli principle
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vF

scattering potentialN particles

eV

wave packets 
(scattering theory)

Szeg%Õs theorem in real space [or matrix in ÔdetÕ is diagonal in energy basis
"""""""""""""""""""""""""""""""""""""""""""""as the energy conservation becomes ÒsharpÓ]

expansion in t

!n" = eV t/!

T → TQ = U†(t)QU(t)

Q =
!

I
dx |x〉〈x|

log χ!t (λ) = tvF

! eV/!vF

0

dk

2π
log(1 ! Tk + Tkeiλ)

χ!
t (λ) = 1 + (ei λ − 1)tvF

∫ eV/ ! vF

0

dk

2π
Tk Pn ! 2 = O(t4)



Next-to-Leading-Order Contributions
With an extension of Szeg%Õs theorem (Fisher-Hartwig conjecture) it is also 
possible to calculate next-to-leading-order corrections:

Þnite (large) measuring time
inÞnite number of particles

inÞnite measuring time t #  !
Þnite (large) number of particles

with

due to (energy-dependent)
partitioning
(disappears for T=1)

∆ log ! t =
log(t/t0)

4" 2

[
log2(1− T0 + T0e

iλ)

due to particle ßuctuations 
(does not disappear for T=1)

(`LLLÕ)

! log χN =
log N
4π2 log2

!
1 ! T2π/a + T2π/aeiλ

1 ! T0 + T0eiλ

"

2π/a = eV/! vF

∆!! n2"" =
(T2! /a # T0)2 log N

2π2

+ log2(1− TeV/ ! vF + TeV/ ! vF ei λ)
!

! 〈〈n2〉〉 =
(T 2

eV/ ! vF
+ T 2

0 ) log(t/t0)

2π2

logdet AN (a) ∼ N [loga]0 +
∞∑

n=1

n[loga]n [loga]−n



Conclusions

¥Non-entangled, non-interacting fermions 
show a generalized binomial counting 
statistics

¥ Generalized binomial statistics is sub-binomial 
(and also sub-Poissonian)

¥ Toeplitz determinants and Szeg% Theorem provide
asymptotic behavior beyond leading order

¥Applications: 

¥ spin singlet Ð triplet detector

¥ Þnite voltage in Þrst-quantization formalism



The End



Experimental DifÞculties
Central limit theorem:
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the relative contribution of the 
higher cumulants become less and less 

important with increasing time


