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Coulomb blockade ...

Introduction
@ Single electron transistor (SET) Equivalent circuit for SET
g, g,
FY 9, C 9, C,
%
metal \? metal —/—c
— g

@ Single electron box (SEB)

c g= gl+gr
+—i| I W metal | |
74 0 Single charge tunneling,
9 ed. by Grabert and Devoret, 1992
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Introduction

@ The SET parameters
Number of transport channels
Tunneling matrix elements
Tunneling conductances
[in units 2 /1 ]
Charging energy
Level spacing on the island

Temperature

External charge

Coulomb blockade ...
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Beloborodov, Efetov, Altland, Hekking, 2001
Efetov, Tschersich, 2003
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Introduction

@ How does discreteness of the charge manifest itself at T=0 ?
Isolated island (g,,.=0) Periodic in q

oo

Ho=E(h—q?® = Z= ) exp [—ﬁEc(n - q)ﬂ

n——oo

where 7l is the operator of the excess particle number on the island

%\/Ec
At T K E,
—1
Q=@ =|1+ep@n)| , 0<g<1
l,
where h = E_(1-2q)
h
‘q\ Ground state energy
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Introduction

@ How does discreteness of the charge manifest itself at T=0 ?

Non-isolated island (9. 70, g, < 1)

At T=0 Matveev, 1991
( 1 _1 1 Schoeller, Schon, 1994
g
1— 11 In , O0<-——gxl1l
1 { T 272 |1 — 2q|] 2 d
@=5) g 1] 1
1 1 In , O<qg——=—xK1
\ +{ = |1—2q|] T2
where g = g,+g9, Q

Q is not quantized at T=0 1 =0 —

for any g! g0

0.5

What quantity is quantized

at T=0? I y

0.5 1
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Results

N.B. commutator
@ Novel quantity

/

.(gl_l‘gr)Q 0 0 T T
et | atr). 1|, _,

¢ =Q

where /(t) is current operator for the SET, V=V.-V, is the voltage drop
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Results

@ Temperature dependence (explicit calculations)

Weak coupling g > 1

3
g b, _ . B
"T) = q — 9/2gjin 2 T > E.q3e9/2
g(1T) =g ~aTC q, > E.g’e
q
1 I
g>1
0.5
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Results

@ Temperature dependence (explicit calculations)

1
Strong coupling g < 1 and ‘5 — q‘ <1

1
¢(T) = [1+exp(Bh)| 7, T < E,
where q
: g E, o
p=n [1 toe " max{T, h’}] » h=Ed-29) g T
>0

!

q° is quantized at T=0 05 1
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q° is quantized at T=0 independent of g

Coulomb blockade ...
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AES model

@ Microscopic Hamiltonian

H—puN = Ho—uN+H.+ > ﬁ}o‘)
a=l,r gl g"

ﬁO - /«LN — Z (ekoz - ,uoa)a';;;aa'k:a + Z(ep - M)d;rgdp
p

k,a=lr

a?, a di, d al

7 Qr

2
He = E.|) dld,—q
) °T
AW = Y tWal d,+h.c. v
k.p

i) Decoupling H_. by the Hubbard-Stratonovich field ¢(7)

ii) Integration over fermions to the lowest order in H;
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AES model

@ Effective action in imaginary time

integer

G . , B : 1 3 _
Sapsl¢] = g/ dridma(Tiz)e 1=l _ iq/ dr¢ + / dr ¢?
4 Jo 0 4F. Jo

¢(8) = ¢(0) + 27W

Ambegaokar, Eckern, Schon, 1982

where 12=71n-m, a(r)= —T—2 = ZZ | | €%
— - N - n
’ sin? 7T ™
2 2
and g =g+ gr, gir = 8T N |t Vi

N.B. AES model is khnown also as circular brane model

Lukyanov, Zamolodchikov, 2003
Lukyanov, Werner, 2006
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AES model

@ Nontrivial topology and instantons

Coulomb blockade ...

@

Convenient variables u = ¢e?™",  f(u) = ") :
_ g 2 72T 2 2 .
Saps = §Z|n||fn| + E ZTL |¢n| — 12mqC[¢]
n & n 1
Topological charge (winding number)
1 B .
Clo] z—/ drd =W
21 Jo
Instanton w>0 |z,|<1

Anti-instanton W<0 |z,|>1

Instanton solution (2| W| zero modes )
W

Finst = H U~ %a Korshunov, 1987
s 1 —wuz, Bulgadaev, 1987
a=1 Nazarov, 1999

Classical action o W] _
gl 1+ 242

11

E,. ah=1 1 — z.2p

Shigs = 2|W| — i2mgW +
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@ Expansion in topological sectors

z=YzW], zWl= [ = Dlgle Sl
v o(8)=(0)+2rW

Let us formally consider Z[x] with continuous x and define

T - asuodsay
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Response to change in the boundary condition

@ Analytic continuation N.B. it is solution of classical

equation of motion

<e—ﬁR’(iw,,)—iw,lﬁ@—w,,QB/(4Ec)>

(1) — o(r) —wor =2 Z[W —n]=2Z[W]

W

where

- s ceeo oy 9 [° iconr il6(r2)=9(r1)]
Q=q+ QEC/o dT¢ K (iw,) = E/O dr1dT> [e 2= 1} a(T12)e"" "

Analytic continuation

iwn—>w—|—i0+, w— 0
Hence
1 3 0Z|x] o4 OK(w) 0
2mid 7 Ox =W N Ow
where
O=q+ 1T 6d’7‘<q§> K(an) _ i/ﬁ dridro [eiwﬂu 1} a(7_12)<ei[¢(72)—¢(71)]>
2E. Jo 43 Jo
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@ Response parameters f=e? |
Finally, /\ 1
g OKF(w) , OKF(w) \_/
E o Im 8w ‘w=07 q o Q _I_ Re aw ‘UU:O
where T 8 )
= d
Q=4q+; = Jo ()
KR(w) = L / dEJdE'Im DR(E) E [ng(E) — ng(E"]
A2 E'—E+4+w+i0
g+ 1
B drid .
D(iwn) = [ TETemm (exp [ig(m) — i(r2)])
o p g |1 I
T1 P
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Physical observables

Coulomb blockade ...

@ Relation of g’ and q’ with physical quantities

SET conductance G and g’

2
g/ — (gl _I_gr) e

gigr

It can be shown in
Keldysh technique

Average charge Q, quantum current noise and g’ /

q

/

Q- i(gl +gr)2 0

29l97‘

O ~ ~
[ aur). 1D, _,
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@ Perturbation theory in 1/g (\W=0)

Quadratic part of the action

27T2T 1 1

’I’L2

51(42}5‘)8 — g Z

n>0

n -+ |§bn|2 — > (Pnd—n) = ;|n| + 272Tn2/(gE.)

gE.

Correlation function y | 1
D(7112) = <61<P(T1)—z¢(7'2)> ~ 1 — §<[¢(7_1) . ¢(T2)]2>

D(iwn) = Bdn,o [1 o, Z m + 272Tm?/(gE.)

g m>0

42 :
g1l + 22T/ (9E.)

2 E.
1——Ing

Eé(E
= ] BE ()
Guinea, Schon, 1986 ﬂ

g(T)=g—2In = ¢(T)=q¢q

ImMmDR(E) == [




g > |

@ Instanton contribution (W=+ 1)

Classical action Gaussian fluctuations
inst g . around instanton - g()\) '
SAES:§:|:7’27TQ > SAES:?:E’LQTFQ
Panyukov, Zaikin, 1991
—_ 2 — f4 /4
where )\ = 5(1 _ |Z| )and g(>\) =g —2IngE.A Wang, Grabert, 1996

Correlation function

5 ) o e?™N2(1 — XT)"=1 n <0
Dinst (iwp) = 29 e N2 ¢ 282(1 — AT) cos2mq, n =0
0 e~ 2m)\2(1 — XT)"" 1 n>0

Analytic
continuation

B dA . . _ 2
Dﬁ%st(w) — / ] T ge_g(’\)/Q [6_1277q€_lw,3/(271') IN(1-A\T) _|_ (]_ — QM) lim L CcOS 27Tq
O J—

22 n—0w —n 4+ 40




q > 1

@ Instanton contribution (W=+ 1) g

At high temperatures 7 > E.g°e 9/?

gEC 93Ec _
"(T) = g—2In — e 92 cos?2
g (T) g n T mq

Altland, Glazman, Kamenev,Meyer, 2006

E 1
! _ g c — /2 H
T) = g— ——e 9“sin2n
A1) = 9= 4 I
0 % 1 4

Notice

2

E. .
Q(T) =q— 9 =92 1n = sin 2mq
T T
- ¢ —a g > 1 Oscillations in q’ is much more

Q(T) —q| InBE:. pronounced than in Q
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Strong coupling - g < 1

Q@ Effective action for |q-1/2|; 1and T; E,_
Isolated island (g=0)

/= i e_ﬁEc(n—Q)Q ~ e—ﬁEcqz(l _|_ e—ﬁh)

n=0

where h=E_(1-2q)

EnJE,
Two-level Hamiltonian 2
. h h
Ho = —0, — Z:2coshﬁ—
2 2
]_ 3
Average charge
1 0
=———TInZ =
@ 2 Oh 1+ efh q
~1 -15 -1 -03 05 1 15 2
Operators .
et — 5.
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Q@ Effective action for |¢ —1/2| < 1and T < E. (XY Bose-Kondo)

Non-isolated island (g # 0)

s _ 8 _ _
Saps — S = /O drp (37 —n+ gaz) Y+ %/O dridmo(T12) (Yo_¥) (1) (Yory) ()

Larkin, Melnikov, 1971
Sachdev, Ye, 1993
Zhu,Si; Zarand,Demler, 2002

where v, iy — pseudofermions, chemical potential 77— —°°

Grand partition function and correlations

4 = n|—|>r—noo Oefn “r
0y = lim |?# 0 + (O
(0) = LI 786577< Yps T (O)ps
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Strong coupling — g < 1
@ Leading logarithmic approximation - ¢" |In"

Pseudofermion Green function renormalization

Gc?i(%n) = ien +nFh/2
. i

G:T:l(iGn) — (ien + n)fy(z'en) == 'Ys(iEn)h/Q - + + - +

Equations for Yand ;s _ g [ dy
v(x) L+, ~) where ;
g [*dyvs(y) x=In <
vs(x) = 1=/ () max{hy)s/v, |enl}

4

I_In B )1/2
w2 max{hvys/v, |eal}

(@) = @) = (14
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@ Leading logarithmic approximation - ¢" |In"

Average charge

1 1 3h/

Y

:)

E,
g In

where W' =h/y?> and Y =1+ 5

Correlation function

w2 max{h/, T}

Coulomb blockade

T=0 - Matveev, 1991
T>0 - Schoeller, Schon, 1994

D(iwy) = iwn D_ —
—4—

DE(w) =

tanh gh’/2

1

,72

w+ h'+ 0

+

=1

¥ - Buiidnod Buons
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@ Physical observables q and g g
14
g/2 SR
BTG P | — -
1 —|—2—7T2Inmsmhﬁh
(Schoeller, Schon, 1994)
LA T
—1
¢'(T,h) = [1 + exp(Bh)] L -
o % 1 9
, h
— =
1+ 212 In max{h'/,T}
For T < h
27T2 h/ / ’ g
g'(T,h) = —e ¢(T,h) =" 2
In (Ec€2”2/9> T 3
h’ _5
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@ Inelastic co-tunneling at T" << h/

oF T2
+ 0G ~ 9i19r—
C
./‘_*’/ EC .
EF ————— NS EE S —— ] _ _ _ _
—00-
—0-0—
—O—
—00-

(Averin, Nazarov, 1990)

Contributions to g" and g’

24 TN\?
!/ _
69 (Ta h) — 2 (Ec 272/ (ﬁ)
3|n (We g)

?

Wn,
Wn, + ) +
ien
g |wn|

SP ) = et G + )2

7T2 h/ 2 ’
6q'(T,h) = — | e
1M =g (Fee2m?/s) <T>
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Conclusions

= Novel quantity g° is introduced into the Coulomb
blockade problem

m At g <1 itisshown that ¢° is quantized at T=0 (with
exponential accuracy) in the leading logarithmic
approximation contrary to the average charge Q on the

SET island

m Inelastic co-tunneling does not destroy the quantization
of q’

T - suoISNjouU0D
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Main difficulty is to measure non-symmetrized
current noise in the SET

LC curcuit inductively coupled to the SET
(Lesovik, Loosen, 1997)

PRL 96, 026803 (2006) PHYSICAL ¢

(Onac, Balestro, Trauzettel, Lodewijk, Kouwenhoven, 2006)
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AES model
@ Circular brane model Lukyanov, Zamolodchikov, 2003
i_.;Jkyanov, Werner, 2006
_ g (" L 2 2
Scp[X,Y] = — [ dr [ ds[(VX)"+ (VY)],
471 Jo 0

X2(r,0) +Y?(r,0) =1

where X and Y are boson fields on the surface of a half cylinder

Integrating out the ‘bulk’
X(7,0) cos ¢(7),
Y(7,0) = sing(r)

8 | , 8 1 48
Sups[d] = E/ Ay drac(Trp)e—ilP(=o()] _Z-q/ drd + / dr &
4 Jo 0 4F. Jo

¢(8) = ¢(0) + 27V
with g=0and FE.=n/gL

€ - Ispow 53V
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Physical observables

@ Tunneling conductance G of the SET 9 9,
CLZT, a dT, d a,;‘;’ a,
Standard trick(a =, 7)
ﬁéoa) — Xaeivat _I_ X;e—iVat c
L. = iX,e" —iXie ", g Tv
Xa = Ztl(cg)a‘koz :[ g

Average current

=i [ at (L), AW

— o0

I, =2ImK¥(w =1V,
Retarded correlation function —> o (W )

Kiw) =i [ dteo(t)([Xa(t), XL(0))

Matsubara correlation function

Ka(zwn) = %\/;68 dTeiw77T<TTXQ(T)X;(O)> KR( ) KR( )
| > w — W
g

B8 )
— g_a/ dridroe ™ a(r12) D(721) = P2 K (iwy)
43 Jo 9
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Physical observables

@ Tunneling conductance G of the SET

Coulomb blockade ...

C g C
Average current 9 € S
— Cq4
1 gog’ , KE(w) Al IrA
I, = — Va, = 47 Im , 0 .
2m g g " w © 1/ T vg L/
I il
I L |
By definition
y I:Il:—frzg(W—W)E—V
27 27
glgT' /
G = g
(g1 4+ gr)?

Ben-Jacob, Mottola, Schon, 1983
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@ Pseudofermions

Spin language

- h
Ao = 25. — 7 — B2 R

Fermion language

¥y

O O — =1
h/2 10 — e BR/2 L, 7 — B2 4+ o Bh/2
—h/2 01 — eBh/2
11 —
Zpf = Z PN Tre P 7 = nlrpm e Zpf
pr

Z - Bundnoo Buons



Strong coupling — g < 1
@ Correlation function D(iwy)

1 0 1

Coulomb blockade ...

1

D(iw,) =

tanhgh'/2 1
v2 tw, + h

ﬂ

tanh gn’/2 1
~2 w~+ h + 0

D (w) =

No vertex renormalization !

) E, 1

In
9 max{h, T} iw, + h

— lim T
2 cosh Bh/ /2 n——cc §ell GZ (iem + 1)y — vsh/2 (iem + twn + 1)y — vsh/2

o

G - Bundnoo Buons
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@ Physical observables q and g g

Correlation function K (w) for w — 0O

mBWw g BN
w  8my2sinh B8R/

K E. / 1 1
Re (w): 7_In tanhﬁh A/'\A

W  4An242 max{T, h} 2 — e

|

g/2 Bh'

!/
g(T,h) = o .
14 55 In 777 SINN B (schoeller, schin, 1994)
A -1 h
¢(T,h) = (1+e™) | with #'=—"——
1+ 272 In max{h,T}

q° is quantized at T=0 independent of g !



