Emerging symmetries and condensates
In turbulent inverse cascades
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probability distribution P(dv,r)

of the longitudinal velocity difference dv = (ov - r)/r

One asks whether the distribution is

— time reversible, P(dv,r) = P(—dv, r),
— isotropic, P(dv,r) = P(dv,r)
— scale invariant, P(dv,r) = (dv) "L f(ov/r



Lack of scale-invariance in direct turbulent cascades

i?

P{rj"t.-’, T‘) f {'(5_.‘.1_,'} _lg[{‘i"ﬂ-’;’f(n‘?‘?"} 1;’3]

InP(3V, 1) S, = <51;.r”> - Cfn.rgn

—— r=L/100
—— r=L/10

N |/ 3




2d Navier-Stokes equations
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Family of transport-type equations
da/ot+ (v-V)a=f+vAa—aa ¢

v = (0U/dy, —0¥ /o)

U(r, t) = f{i{fr“' r—7' | 2a(r', t)

m=2 Navier-Stokes
m=1 Surface quasi-geostrophic model,
m=-2 Charney-Hasegawa-Mima model

Electrostatic analogy: Coulomb law in d=4-m dimensions
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Small-scale forcing — inverse cascades
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Strong fluctuations —
many interacting degrees of freedom — scale invariance.
Locality + scale invariance — conformal invariance

P(ov,r) = (dv)~tf(ov/r")
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Kolmogorov-Kraichnan scaling m 2d.

2

kinetic energy v

o ] = energy flux, e
ime 7/,
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Critical Percolation Vorticity clusters
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Schramm-Loewner Evolution (SLE)
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dge(z)/dt = 2[ge(2) — £(1)] !

((£(t) = £(0))*) = xt

k<4 4 <k<8

o 2 ¢




approximate g;(2) by a composition of
discrete, conformal slit maps

that swallow one segment of the curve at a time
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FIG. 4: The driving function is an effective diffusion process with diffusion coefficent x = 6 £+ 0.3.
T . ; — 5 o _ - - . .
I'he inverse cascade range corresponds to 5-107° < ¢ < 1072, Main frame: the linear behaviour of

(£(1)?). Lower-right inset : Diffusivity: blue for vorticity isolines. pink for the field with randomized

phases. Upper-left inset: the probability density function of the rescaled driving function £(¢) /st
at four different times ¢ = 0.0012, 0.003, 0.006, 0.009: the solid line is the Gaussian distribution

glx) = (2m) "2 exp(—a2?/2).
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Different systems producing SLE

Critical phenomena with local Hamiltonians
Random walks, non necessarily local

Inverse cascades in turbulence

Nodal lines of wave functions in chaotic systems
Spin glasses

Rocky coastlines



Bose-Einstein condensation and optical turbulence
Gross-Pitaevsky equation
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FIG. 2. (a) Level sets of the spectrum n(k, .k,) averaged over
time r=(119-127). (b) Spectra at different directions in & space:
—-— k=0, ——— k,=0. ... k,=—Fk,, unbroken line k. =k, .
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iInverse cascades lead to emerging symmetries but eventually to condensates
which break symmetries in a different way for different moments
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Atmospheric spectrum
Nastrom, Gage, J. Atmosph. Sci. 1985
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Case of strong condensate
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Mean subtraction recovers isotropic turbulence
1.Compute time-average velocity field (N=400): V(X,Y) =1/N Z:':lV(x, y,t.)

2. Subtract V(% Y) from N=400 instantaneous velocity fields

10°¢ 6
CER N ke @ s@tes) o 0) P (© %
I - S | ° | Flatness Skewness|
1 7 |
107" = | 4 g | N 12 .,
c } /Q/ i OO LAAAsass AAAA
10-875 } : /j i 6 ] {L.....ll......Illl;
- | 0 5 — |
| 0.02 0.04
| I r(m)
10 e 0 | 03
10 100 k(m? 1000 0 002 | (1 0.04

Recover ~ k'3 spectrum in the energy range

Kolmogorov law — linear S3 (r) dependence in the “turbulence range”;
Kolmogorov constant C=7

Skewness Sk = 0, flatness slightly higher, F = 6



Conclusion

Inverse cascades seems to be scale invariant.

Within experimental accuracy, isolines of advected quantities
are conformal invariant (SLE) in turbulent inverse cascades.

Condensation into a system-size coherent mode breaks
symmetries of inverse cascades.

For Gross-Pitaevsky egquation, condensate may make
turbulence conformal invariant
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Burgers equation

Uy + uthy — Vg, = 0

ou(z,t) = u(x,t) — u(0,17)
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Typical velocity profile in Burgers turbulence
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Anomalous scaling in terms of the integrals of motion

Uy + uthy — Vg, = 0

E,=/] u?™ da /2

.
En ) = €n

e,

Sont1 = —412n + Depx/(2n — 1)

= (0u'"") = C, x5




n/3 -

Exponents of structure functions

Fig. 1.4. The scaling exponents of the structure functions &,, for Burgers, ¢,, for 3d
Navier-Stokes and o,, for the passive scalar. The dotted straight line is n /3.



Statistical conservation laws

%““—_—*\ : “R_i_.%" _
. FARi;) = A>f(Ryj)
| 1 r T
I N | -
R * froctee/?
12~ e @
v 2
- \ for Brownian walk
/D2 2N /P2 L 90)
C#_B fz — l:'-._R]_Q —_— RSLL-'} — ':.".R COS 29}..:'
Fig. 1.5. Three fluid particles in a flow. 0 = al‘{t.":iill(ng / R)

R? = Rf, + Ri,

f1 = (2(d+2)R3,R3, — d(R{, + R3))) = (R*[(d + 1) cos* 260 — 1))
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Box 2: Growth in size and reduction of shape fluctuations. Schematic of
two configurations of three particles at the apex of triangles to the left, as
they move about in a turbulent flow. The sizes of the " clouds" increase
with time but the fluctuations in their shape decrease.
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Figure 3. Scalmg exponents ¢, differ from the scale-invariant,
linear Kolmogorov value of n/3. In this plot, the relative dif-
ference is defined as (£, —¥)/(7:), open circles show experi-
mental results, crosses and stars show results of simulations,
and the curves give various theoretical results. Note that the
relative difference passes through n = 0 without showing
any special feature. Nor does there appear to be any special
behavior as n approaches — 1, notwithstanding that structure
functions of order —1 and lower are undefined. (Adapted
from retf, 3.)



10° ¢

10°

10°
107

10° ¢

E (K

Case of weak condensate
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Weak condensate case shows small differences with isotropic 2D turbulence

~ k-5/3 spectrum in the energy range

Kolmogorov law — linear S3 (r) dependence; Kolmogorov constant C=5.6

Skewness and flatness are close to their Gaussian values (Sk=0, F=3)






Turbulence is a state of a physical system with many degrees of freedom deviated far
from equilibrium. It is irregular both in time and in space.
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