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• Fermi liquids with broken time-reversal symmetry, broken spatial 
inversion symmetry, or both.

• Berry phases and the anomalous Hall effect in Ferromagnetic metals 
and composite fermions.

• A true T=0 Fermi liquid, stable against BCS in weak coupling, and its 
transition to an intermediate “superconducting Fermi liquid” before 
becoming gapped.  Implications for Luttinger’s theorem.

(+ normal and superconducting Fermi liquids 
with broken time-reversal and spatial inversion symmetry)



Essential ingredients of Landau Fermi-Liquid theory
• Survival of the Fermi surface in the presence of 

interactions

• Finite quasiparticle residue Z

• T-linear specific heat and entropy

• Quasiparticle lifetime

• linear response of quasiparticle energies to changes in 
quasiparticle distribution (Landau “F” function)

• Luttinger theorem connecting volume enclosed by 
Fermi surface to conduction electron density

! T!2

Elegant proof by Luttinger 1961 using 
T=0 perturbation theory



Essence of Luttinger theorem:

• Green’s function at T=0 and at the Fermi 
level is Hermitian  (Self energy is real in this 
limit, fundamental Landau theorem, from 
Pauli principle)

• its eigenfunctions are “single-particle Bloch 
states”:

Gα,β(k, !ω = EF )T=0 = Gβα(k, !ω = EF )!T=0

labels of orbitals in unit cell

!

!

G",!(k, !! = EF )T=0"#!(k) = ##(k)"#"(k)

real eigenvalue



• For non-interacting particles

• For free electrons, the total number of 
electrons is the number of positive 
eigenvalues.

• Using a T=0 Ward identity, Luttinger 
showed that this remains true in 
perturbation theory.

!! =
1

EF − "n(k)



• In Fermi 
liquids, n(k) is 
discontinuous 
at the Fermi 
surface 
because an 
eigenvalue 
diverges and 
changes sign.

n(k) = number of positive eigenvalues at a point k in the Brillouin zone

• What about the case when it changes sign by 
vanishing? (Footnote in AGD’s book)



• Following the footnote in AGD, 
Dzyaloshinskii, Phillip Phillips and others 
have recently raised the question of 
whether the volume enclosed by a 
“Luttinger surface” where an eigenvalue of 
the Green’s function vanishes might have 
some significance?

• i.e., is Luttinger’s theorem more general 
than Fermi liquid theory? is it non-
perturbative? (an analog of the result 
applies in non-perturbative 1D Luttinger 
liquids).

(answer seems to be “No”,see later)



• The eigenstates of the Green’s function 
corresponding to the eigenvalues that diverge at 
the Fermi surface define a “single-particle Bloch 
state”  (quasiparticle wavefunction) on the Fermi 
surface, even if “single-particle” states are not 
well defined at k-points inside it.   

• As k changes, while staying on the Fermi surface, 
the Bloch eigenstate changes continuously.   Its 
variation defines a quasiparticle Berry curvature 
on the Fermi-surface of an interacting system.

Berry curvature
!

!

G",!(k, !! = EF )T=0"#!(k) = ##(k)"#"(k)



Berry curvature and dynamics of Bloch electrons
(single-particle picture)

• anomalous velocity (Karplus and Luttinger 1957)

!dk

dt
= e

!
E(r) +

dr

dt
!B(r)

"

group velocity

Lorentz force

dr

dt
=

1
!∇k!n(k) +

dk

dt
×Ωn(k)

a band-structure property 
distinct from the energy bands
(Berry curvature)

The “anomalous velocity” is absent 
if time-reversal and inversion 
symmetry are both present.

alternate notation (used here)

Fab
n (k) = !abc(Ωn(k))c



• The Karplus-Luttinger term was derived from a 
Kubo fomula, and gives rise to the “intrinsic” part of 
the anomalous Hall effect in ferromagnetic metals.

• It was very controversial, and dismissed as deriving 
from an “obvious error” by a number of authors at 
the time, who felt it violated “fundamental principles”

• A modern interpretation (Sundaram and Niu 1999) 
identifies it as the effect of the “Berry curvature”.



!
e
!Fab !!b

a

!a
b Fab

n

"
d

dt

!
rb

kb

"
=

1
!

!
"aH
"a

kH

"

H(r,k) = εn(k) + eV (r)

Fab(r) = !aAb(r)"!bAa(r) Fab
n (k) = !a

kAb
n(r)"!b

kAa
n(k)

Berry curvaturemagnetic field

symplectic form (collect time derivatives on left hand side of equation)

antisymmetric 
matrix

det = 1 +
e

!FabFab
n

= 1 +
e

!!abcFab
n (k)Bc

kinetic
energy

potential
energy



modified Phase-space volume element!

• The symplectic form identifies the 
conserved phase-space volume element 
(Liouiville theorem) (to lowest order in B) 
as

1
(2!)3

!

BZ
d3k

!
d3r

"
1 +

e

!"abcF(k)ab
n Bc(r)

#

(Xiao,Shi, and Niu,2006)



• The Hall conductivity can be obtained from 
the Streda formula

!ab
H = "abc #ne

#Bc

!!!!
µ

!ab
H =

e2

!
!

!

"

BZ

d3k

(2")3
Fab

n (k)n!(k)

using the modified phase-space integral to 
calculate the electron density n:

occupation 
number

This is a sum over all occupied states

Berry curvature



• For a band insulator,  this becomes

!ab =
e2

!
!

!occ

"

BZ

d3k

(2")3
Fab

n (k) =
e2

h
#abc Gc

2"

a reciprocal
lattice vector

G = nG0 !H = ne2/h per lattice plane

a primitive reciprocal 
lattice vector

Kohmoto + Halperin,
following 2d TKNN formula



• If there is no Fermi surface, the Hall vector 
is quantized to be a reciprocal vector.

•  Any non-quantized part must be a Fermi-
surface property!   Integrate by parts, get a 
new formula on the Fermi surface only:

“Hall vector”
!ab

H =
e2

h
"abc Kc

2#



non-quantized part of 3D case can also be 
expressed as a Fermi surface integral 

• There is a separate contribution to the Hall 
conductivity from each distinct Fermi surface  
manifold.

• Intersections with the Brillouin-zone boundary need to be 
taken into account.

“Anomalous Hall vector”:

integral of Fermi vector
weighted by Berry 
curvature on FS

Berry phase around
FS intersection with

 BZ boundary

This is ambiguous up to a reciprocal vector, 
which is a non-FLT quantized Hall edge-state 
contribution

SΓ2
Γ1

Γ1

Γ2

Γ3



An exact formula for the T=0 DC Hall conductivity:

• While the Kubo formula gives the conductivity tensor as a current-current 
correlation function, a Ward-Takahashi identity allows the ω→0, T→0 
limit of the (volume-averaged) antisymmetric (Hall) part of the  conductivity 
tensor  to be expressed completely in terms of the single-electron 
propagator! 

• The formula is a simple generalization and rearrangement of a 2+1D QED3 
formula obtained by Ishikawa and Matsuyama (Z. Phys C 33, 41 (1986), Nucl. Phys. B 280, 523 

(1987)), and later used in their analysis of possible finite-size corrections to the 
2D QHE.

{cki, c
†
kj} = !kk!!ij

(PBC, discretized k)

Ka = lim
η→0+

!abc

2"

!

BZ
d3k

! ∞

−∞

d#

2"
eiωηTr

"
$G

$#
∇b

kG−1G∇c
kG−1

#

Gij(k,!) = !i

! !

"!
dt e"i!t"0|Tt{cki(t), c†kj(0)}|0#

exact (interacting) T=0 propagator

lim
ω,T→0

!ab
H (", T ) =

e2

!
#abc

(2$)2
Kc

antisymmetric part 
of conductivity tensor

agrees with Kubo for free electrons, but is quite generally EXACT at T=0 for 
interacting Bloch electrons with local current conservation (gauge invariance).



• Simple manipulations now recover the result 
unchanged from the free-electron case.

• This is essentially the derivative with respect 
to B of the Luttinger theorem.  (A “new” 
Fermi-liquid formula (FDMH, 2004))

Ka = lim
η!0+

εabc

2π

!

BZ
d3k

! "

#"

dω

2π
eiωηTr

"
(!b

k
∂

∂ω
(lnG))(G!c

kG#1)
#



Hall effect in ferromagnetic metals:

Hall effect in ferromagnetic metals with B parallel 
to a magnetization in the z-direction, and isotropy
in the x-y plane:

The anomalous extra term is constant when Hz is 
large enough to eliminate domain structures.

isotropic (cubic) case
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Dissipationless Anomalous Hall Current in the Ferromagnetic Spinel CuCr2Se4!xBrx.
"

Wei-Li Lee1, Satoshi Watauchi2†, V. L. Miller2, R. J. Cava2,3, and N. P. Ong1,3‡

1Department of Physics, 2Department of Chemistry,
3Princeton Materials Institute, Princeton University, New Jersey 08544, U.S.A.

(Dated: May 26, 2004)

In a ferromagnet, an applied electric field E invariably produces an anomalous Hall current JH

that flows perpendicular to the plane defined by E and M (the magnetization). For decades, the
question whether JH is dissipationless (independent of the scattering rate), has been keenly debated
without experimental resolution. In the ferromagnetic spinel CuCr2Se4!xBrx, the resistivity ! (at
low temperature) may be increased 1000 fold by varying x(Br), without degrading the M. We
show that JH/E (normalized per carrier, at 5 K) remains unchanged throughout. In addition to
resolving the controversy experimentally, our finding has strong bearing on the generation and study
of spin-Hall currents in bulk samples.

A major unsettled question in the study of electron
transport in a ferromagnet is whether the anomalous
Hall current is dissipationless. In non-magnetic metals,
the familiar Hall current arises when electrons moving in
crossed electric (E) and magnetic (H) fields are deflected
by the Lorentz force. However, in a ferromagnet subject
to E alone, a large, spontaneous (anomalous) Hall cur-
rent JH appears transverse to E (in practice, a weak H
serves to align the magnetic domains) (1,2). Questions
regarding the origin of JH , and whether it is dissipation-
less, have been keenly debated for decades. They have
emerged anew because of fresh theoretical insights and
strong interest in spin currents for spin-based electron-
ics. Here we report measurements in the ferromagnet
CuCr2Se4!xBrx which establish that, despite a 100-fold
increase in the scattering rate from impurities, JH (per
carrier) remains constant, implying that it is indeed dis-
sipationless.

In 1954, Karplus and Luttinger (KL)(3,4) proposed a
purely quantum-mechanical origin for JH . An electron
in the conduction band of a crystal lattice spends part
of its time in nearby bands because of admixing caused
by the (intracell) position operator X. In the process, it
acquires a spin-dependent ‘anomalous velocity’ (5). KL
predicted that the Hall current is dissipationless: JH re-
mains constant even as the longitudinal current (J||E)
is degraded by scattering from added impurities. A con-
ventional mechanism was later proposed (6) whereby the
anomalous Hall e!ect (AHE) is caused instead by asym-
metric scattering of electrons by impurities (skew scat-
tering). Several authors (7,8,9) investigated the theoret-
ical ramifications of these competing models. The role
of impurities in the anomalous-velocity theory was clari-
fied by Berger’s side-jump model (7). A careful account-
ing of various contributions (including side-jump) to the

"Science 303, 1647 (2004).
†Permanent address of S. W. : Center for Crystal Science and
Technology, University of Yamanashi, 7 Miyamae, Kofu, Ya-
manashi 400-8511, Japan
‡To whom correspondence should be addressed E-mail:
npo@princeton.edu

AHE in a semiconductor has been given by Nozières and
Lewiner (NL) who derive X = !k × S, with ! the en-
hanced spin-orbit parameter, k the carrier wavevector
and S its spin (9). In the dc limit, NL obtain the AHE
current

JH = 2ne2!E× S, (1)

where n is the carrier density and e the charge. As noted,
JH is linear in S but independent of the electron lifetime
" .

In modern terms, the anomalous velocity term of KL
is related to the Berry phase (10), and has been applied
(11) to explain the AHE in Mn-doped GaAs (12). The
close connection of the AHE to the Berry phase has also
been explored in novel ferromagnets in which frustration
leads to spin chirality (13,14,15). In the field of spin-
tronics, several schemes have been proposed to produce
a fully polarized spin current in thin-film structures (16),
and in bulk p-doped GaAs (17). The AHE is intimately
related to these schemes, and our experimental results
have bearing on the spin-current problem.

In an AHE experiment (1), the observed Hall resistiv-
ity is comprised of two terms,

#xy = R0B + #"xy, (2)

with B the induction field, R0 the ordinary Hall coef-
ficient, and #"xy the anomalous Hall resistivity. A di-
rect test of the dissipationless nature of JH is to check
whether the anomalous Hall conductivity $"

H (defined as
#"xy/#2) changes as impurities are added to increase 1/"
(and #) (3,7). A dissipationless AHE current implies that
#"xy ∼ #α, with % = 2. By contrast, in the skew scattering
model, % = 1.

Tests based on measurements at high temperatures
(77-300 K) yield exponents in the range %exp = 1.4-2.0
(18,19). However, it has been argued (20) that, at high
T , both models in fact predict % = 2, a view supported
by detailed calculations (21). To be meaningful, the test
must be performed in the impurity-scattering regime over
a wide range of #. Unfortunately, in most ferromagnets,
#"xy becomes too small to measure accurately at low T .
Results on % in the impurity-scattering regime are very
limited.

2

The copper-chromium selenide spinel CuCr2Se4, a
metallic ferromagnet with a Curie temperature TC !
430 K, is particularly well-suited for testing the AHE.
Substituting Se with Br in CuCr2Se4!xBrx decreases the
hole density nh (22). However, because the coupling be-
tween local moments on Cr is primarily from 90o su-
perexchange along the Cr-Se-Cr bonds (23), this does
not destroy the magnetization. We have grown crystals
of CuCr2Se4!xBrx by chemical vapor transport [details
given in Supporting Online Materials (SOM) (24)]. In-
creasing x from 0 to 1 in our crystals decreases nh by a
factor of !30 (Fig. 1A), while TC decreases from 430 K
to 230 K. The saturated magnetization Ms at 5 K corre-
sponds to a Cr moment that actually increases from !2.6
to 3 µB (Bohr magneton) (Fig. 1B).

FIG. 1: (A) The hole density nh (solid circles) in
CuCr2Se4!xBrx vs. x determined from R0 at 400 K (one hole
per formula unit corresponds to nh = 7.2 ! 1021cm!3). The
Curie temperature TC is shown as open circles. (B) Curves of
the magnetization M vs. H at 5 K in 3 samples (x values indi-
cated). The saturation value Ms = 3.52, 3.72, 3.95 (105A/m)
for x = 0, 0.5, 1.0, respectively. (C) The resistivity ! vs. T in
10 samples with Br content x indicated (a, b indicate di!erent
samples with the same x). Values of nh in all samples fall in
the metallic regime (for x = 1, nh = 1.9 ! 1020 cm!3).

As shown in Fig. 1C, all samples except the ones with
x = 1.0 lie outside the localization regime. In the ‘metal-
lic’ regime, the low-T resistivity increases by a factor of

!270, as x increases from 0 to 0.85, and is predominantly
due to a 70-fold decrease in ! . The hole density nh de-
creases by only a factor of 4. In the localization regime
(x = 1.0), strong disorder causes " to rise gradually with
decreasing T . We emphasize, however, that these sam-
ples are not semiconductors (" is not thermally activated,
and nh = 1.9 " 1020 cm!3 is degenerate).

The field dependence of the total Hall resistivity (Eq.
2) is shown for x = 0.25 (Fig. 2A) and 1.0 (B). See SOM
(24) for measurement details. The steep increase in |"xy|
in weak H reflects the rotation of domains into alignment
with H. Above the saturation field Hs, when ""xy is con-
stant, the small ordinary Hall term R0B is visible as a
linear background (24). As in standard practice, we used
R0 measured above TC to find the nh plotted in Fig. 1A.

FIG. 2: Curves of the observed Hall resistivity !xy = R0B +
Rsµ0M vs. H (at temperatures indicated) in CuCr2Se4!xBrx
with x = 0.25 (Panel A) and x = 1.0 (B). In (A), the anoma-
lous Hall coe"cient Rs changes sign below 250 K, becomes
negative, and saturates to a constant value below 50 K. How-
ever, in (B), Rs is always positive and rises to large values at
low T (note di!erence in scale).

By convention, the T dependence of the AHE signal is
represented by the anomalous Hall coe!cient Rs(T ) de-
fined by ""xy = Rsµ0M (µ0 is the vacuum permeability).

T=5K
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example of a very large AHE  



Physical origin of Berry curvature in 
Ferromagnetic bands

• In a naive Stoner-type theory (neglecting spin-orbit 
coupling) of ferromagnetic metals,  the bands are 
“exchange-split” into bands of “majority” and “minority” 
spin carriers.

• In this picture, the majority and minority spin Fermi 
surfaces are independent, and can intersect:

si

-t

si

-t

↑and ↓Fermi 
surfaces intersect

without spin-orbit coupling

even though weak, SOC 
dominates near “avoided 
intersections” of the Fermi 
surface,  where it causes rapid 
variation of quasiparticle spin 
with kF



First Principles Calculation of Anomalous Hall Conductivity in Ferromagnetic bcc Fe
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We perform a first principles calculation of the anomalous Hall e!ect in ferromagnetic bcc Fe.
Our theory identifies an intrinsic contribution to the anomalous Hall conductivity and relates it to
the k-space Berry phase of occupied Bloch states. The theory is able to account for both dc and
magneto-optical Hall conductivities with no adjustable parameters.

PACS numbers: 75.47.-m, 71.15.-m, 72.15.Eb, 78.20.Ls

In many ferromagnets the Hall resistivity, !H , exhibits
an anomalous contribution proportional to the magne-
tization of the material, in addition to the ordinary
contribution proportional to the applied magnetic field,
!H = R0B + Rs4"M [1–3]. The anomalous Hall e!ect
(AHE) has played an important role in the investigation
and characterization of itinerant electron ferromagnets
because Rs is usually at least one order of magnitude
larger than the ordinary constant R0. Although the e!ect
has been recognized for more than a century [2] it is still
somewhat poorly understood, a circumstance reflected
by the controversial and sometimes confusing literature
on the subject. Previous theoretical work has failed to
explain the magnitude of the observed e!ect even in well
understood materials like Fe [4].

Karplus and Luttinger [5] pioneered the theoretical in-
vestigation of this e!ect, by showing how spin-orbit cou-
pling in Bloch bands can give rise to an anomalous Hall
conductivity (AHC) in ferromagnetic crystals. Their con-
clusion was questioned by Smit [6], who argued that Rs

must vanish in a periodic lattice. Smit proposed an al-
ternative mechanism, skew scattering, in which spin-orbit
coupling causes spin polarized electrons to be scattered
preferentially to one side by impurities. The skew scat-
tering mechanism predicts an anomalous Hall resistivity
linearly proportional to the longitudinal resistivity; this
is in accord with experiment in some cases, but an ap-
proximately quadratic proportionality is more common.
Later, Berger [7] proposed yet another mechanism, the
side jump, in which the trajectories of scattered elec-
trons shift to one side at impurity sites because of spin-
orbit coupling. The side jump mechanism does predict
a quadratic dependence of the AHC on the longitudi-
nal resistivity. However, because of inevitable di"culties
in modeling impurity scattering in real materials, it has
not been possible to compare quantitatively with experi-
ment. It appears to us that the AHE has generally been
regarded as an extrinsic e!ect due solely to impurity scat-
tering, even though this notion has never been critically

tested, and that the intrinsic contribution initially pro-
posed by Karplus and Luttinger has been discounted.

Several years ago, the scattering free contribution of
Karplus and Luttinger was rederived in a semiclassical
framework of wavepacket motion in Bloch bands by tak-
ing into account Berry phase e!ects [8, 9]. According to
this work, the AHC in the scattering free limit is a sum of
Berry curvatures (see eqs.(2) and (6) below) of the occu-
pied Bloch states [10]. Recently, Jungwirth et al. [11, 12]
applied this picture of the AHE to (III,Mn)V ferromag-
netic semiconductors and found very good agreement
with experiment. (III,Mn)V ferromagnets are unusual,
however, because they are strongly disordered and have
extremely strong spin-orbit interactions. In this Letter,
we report on an evaluation of the intrinsic AHC in a
classic transition metal ferromagnet, bcc Fe. Our calcu-
lation is based on spin-density functional theory and the
LAPW method. The close agreement between theory
and experiment that we find leads us to conclude that
the AHC in transition metal ferromagnets is intrinsic in
origin, except possibly at low-temperature in highly con-
ductive samples.

We begin our discussion by briefly reviewing the semi-
classical transport theory. By including the Berry phase
correction to the group velocity [8, 9], one can derive the
following equations of motion:

·
xc =

1
h̄

#$n(k)
#k

!
·
k "!n(k), (1)

h̄
.
k = !eE! e

·
xc "B,

where !n is the Berry curvature of the Bloch state de-
fined by

!n(k) = ! Im #$kunk |"|$kunk% , (2)

with unk being the periodic part of the Bloch wave in the
nth band. We will be interested in the case of B = 0,
for which $n(k) is just the band energy. The distribu-
tion function satisfies the Boltzmann equation with the
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FIG. 2: Anomalous Hall e!ect vs. ! with di!erent numbers
of k points in full Brillouin zone. Here ! is introduced by
adding !2 to the denominator in Eq.(4). The solid lines were
obtained by an adaptive mesh refinement method.

distribution) and a slightly smaller value of !xy = 734
(!cm)!1 at room temperature (300 K). Our result is in
fair agreement with the value 1032 (!cm)!1 extracted
from Dheer’s data on iron whiskers [21] at room temper-
ature.

The slow convergence is caused by the appearance of
large contributions to !z of opposite sign which occur
in very small regions of k-space. Spin-orbit e"ects are
small except when they mix states that would otherwise
be degenerate or nearly degenerate, and even then, those
mixed states will contribute nearly canceling contribu-
tions to !z. Only when the Fermi surface lies in a spin-
orbit induced gap is there a large contribution. This can
be seen in Fig. 3 where the Berry curvature along lines in
k-space is compared with energy bands near EF and in
Fig. 4 where it is compared with the intersection of the
Fermi surface with the central (010) plane in the Brillouin
zone.

In order to further understand the role of spin-orbit
coupling in the AHE, we artificially varied the speed of
light, thereby changing the spin-orbit coupling strength
" ! c!2. As shown in Fig. 5, !xy is linear in " for small
coupling, but not for large coupling. For iron, nonlin-
earities become significant for "/"0 > 1/2, which means
that the spin-orbit interaction in iron cannot be treated
perturbatively.

So far we have discussed only the dc-AHE. It is
straightforward to extend our calculation to the ac Hall
case by using the Kubo formula [22] approach:
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Berry curvature "z(k) (lower figure) along symmetry lines.
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FIG. 4: (010) plane Fermi-surface (solid lines) and Berry cur-
vature !"z(k) (color map). !"z is in atomic units.

where & is a positive infinitesimal. In the upper panel in
Fig.6, we show results for the imaginary part of #!xy as
a function of frequency that are in agreement with earlier
calculations[23]. Experimental results [24] are in excel-
lent agreement below 1.7 eV but become smaller at higher
energies. In the lower panel of the figure, the real part of
the Hall conductivity, obtained from the imaginary part
by a Kramers-Kronig relation, is shown as a function
of frequency. The dc limit result, !(# = 0)xy = 750.8
(!cm)!1, is essentially identical to that obtained from
Eq.(6). Despite the small discrepancy with theory in the
dc limit, the experimental point • [21] seems to agree
rather well with the overall trend of the frequency de-
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FIG. 2: Anomalous Hall e!ect vs. ! with di!erent numbers
of k points in full Brillouin zone. Here ! is introduced by
adding !2 to the denominator in Eq.(4). The solid lines were
obtained by an adaptive mesh refinement method.

distribution) and a slightly smaller value of !xy = 734
(!cm)!1 at room temperature (300 K). Our result is in
fair agreement with the value 1032 (!cm)!1 extracted
from Dheer’s data on iron whiskers [21] at room temper-
ature.

The slow convergence is caused by the appearance of
large contributions to !z of opposite sign which occur
in very small regions of k-space. Spin-orbit e"ects are
small except when they mix states that would otherwise
be degenerate or nearly degenerate, and even then, those
mixed states will contribute nearly canceling contribu-
tions to !z. Only when the Fermi surface lies in a spin-
orbit induced gap is there a large contribution. This can
be seen in Fig. 3 where the Berry curvature along lines in
k-space is compared with energy bands near EF and in
Fig. 4 where it is compared with the intersection of the
Fermi surface with the central (010) plane in the Brillouin
zone.

In order to further understand the role of spin-orbit
coupling in the AHE, we artificially varied the speed of
light, thereby changing the spin-orbit coupling strength
" ! c!2. As shown in Fig. 5, !xy is linear in " for small
coupling, but not for large coupling. For iron, nonlin-
earities become significant for "/"0 > 1/2, which means
that the spin-orbit interaction in iron cannot be treated
perturbatively.

So far we have discussed only the dc-AHE. It is
straightforward to extend our calculation to the ac Hall
case by using the Kubo formula [22] approach:
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where & is a positive infinitesimal. In the upper panel in
Fig.6, we show results for the imaginary part of #!xy as
a function of frequency that are in agreement with earlier
calculations[23]. Experimental results [24] are in excel-
lent agreement below 1.7 eV but become smaller at higher
energies. In the lower panel of the figure, the real part of
the Hall conductivity, obtained from the imaginary part
by a Kramers-Kronig relation, is shown as a function
of frequency. The dc limit result, !(# = 0)xy = 750.8
(!cm)!1, is essentially identical to that obtained from
Eq.(6). Despite the small discrepancy with theory in the
dc limit, the experimental point • [21] seems to agree
rather well with the overall trend of the frequency de-

This calculation sampled ALL states below the 
Fermi level (unnecessary work!) but shows how 
avoided Fermi surface intersections provide the 
dominant contributions to the KL formula.



2D case:  “Bohm-Aharonov in k-space”

• The Berry phase for moving a quasiparticle around the Fermi 
surface is only defined modulo 2π:  

•  Only the non-quantized part of the Hall conductivity is defined 
by the Fermi surface!



“composite fermion” Fermi liquid in the 
lowest Landau level 

• Fermi-liquid-like states at 1/2-filled lowest-
Landau  level  (Halperin, Lee, Read).  possible 
at filling 1/2m   (even denominator)



Application of formula to 
composite fermion Fermi 

surface  at ν = 1/m

Flux enclosed by path 
of displaced electron 

around vortex:

Berry phase for moving 
composite quasiparticle
around Fermi-surface 

!xy
AHE =

e2

h

1
m

independent of 
Fermi surface shape!

a composite fermion is modeled
as an electron laterally displaced 
from the center of the m-vortex 
that is bound to it.

2!

"2
! 1

m



A problem with T=0 Fermi liquid 
theory: BCS instability....

• Kohn and Luttinger showed that even for 
repulsive interactions the k-space inversion 
“nesting” symmetry of the Fermi surface 
guarantees that some type of BCS 
instability will always occur at low-enough 
temperature in a clean system

• This appears to suggest that such systems 
can never have a true  Fermi-liquid ground 
state to which Luttinger’s T=0 theorem 
applies!

An escape clause: if BOTH spatial inversion symmetry and time-
reversal symmetry  are broken,  perfect “BCS nesting”is removed.



+
+

+

+

+

-

-

-
-

-

A minimal model with a true Fermi liquid 
ground state for weak interactions...

• Tight-binding band: nearest neighbor hopping of spin=1/2 
electrons on a triangular lattice with alternating magnetic flux 
through adjacent placquettes

magnetic flux
out of planemagnetic flux

into plane

No net magnetic 
flux through unit cell

• Add an on-site negative-U Hubbard interaction

• Three-fold rotation symmetry is preserved.

• Symmetric under combined time-reversal and spatial inversion.
+

+
+ -

-
-



original hexagonal 
inversion-symmetric 
Fermi surface 

trigonal distortion of
Fermi surface when 
alternating flux is added

effect of staggered flux on the band structure



BCS instability
!(k) = EF!(!k) = EF

k-space
Fermi-surface 
regions where 
BCS instability 
(k=0 pairing) 

occurs

k = 0

k=0 pairing is still favored because of 
three-fold rotation symmetry

negative Hubbard U must exceed a non-zero critical 
coupling for pairing to occur



Bogoliubov spectrum immediately after pairing

• Transition to a “superconducting Fermi liquid”!

• T-linear specific heat unchanged!

k

E(k)

0
line where Bogoliubov qp is 

50% electron/ 50% hole

Fermi sea
of Bogoliubov
quasiparticles

Bogoliubov spectrum along this line



Reconstruction of the Fermi surface

Fermi liquid of 
Landau 

quasiparticles

Fermi liquid of 
Bogoliubov 

quasiparticles

No Luttinger
 theorem

Has a Luttinger
 theorem



How does the Luttinger theorem get destroyed?

• expect that          at the BCS transition at the 
points where the Fermi surface is cut and 
reassembled

• Vanishing Z at some point on the Fermi surface 
signals the breakdown of the perturbation 
theory and the Luttinger theorem. 

(a) U = 0
(b) Uc < U < 0
(c) U = Uc < 0

expected variation of quasiparticle 
residue Z around the Fermi surface

Z ! 0



• The nominal quasiparticle charge q(s) (in 
units of electron charge) now varies on the 
Fermi surface.

•  change in electron density as the Fermi 
surface  changes:

!n =
1

(2")2

!

FS
ds q(s) #skF (s)! !kF (s)

q(s) = 1

!1 < q(s) < 1
(Landau quasiparticles)

(Bogoliubov quasiparticles)



As it is unprotected by a Luttinger theorem, the Fermi 
surface of the superconducting Fermi liquid shrinks and 

eventually disappears as the attractive coupling increases:

Gapped
BCS

Superconducting
Fermi liquid

normal
Fermi liquid



Summary

• Some more insight into the Luttinger 
theorem.

• aim to understand when it applies, how it 
breaks down.

• Connection to Berry curvature.

• Exotic possbilities with broken time-
reversal and spatial-inversion symmetry.


