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Outline

Relativistic physics in graphene, quantum
critical systems and conformal field theories

— Relativistic signatures in magnetotransport:
el.+th. conductivity, Peltier, Nernst effect etc.

Hydrodynamic description

— Collective, collision-broadened cyclotron resonance

Boltzmann equation

— Recover and refine hydrodynamics with Boltzmann
— Describe relativistic-to-Fermi liquid crossover
— Go beyond hydrodynamics



Dirac fermions 1n graphene

(Semenoff *84, Haldane ‘88)

Honeycomb lattice of C atoms




Dirac fermions 1n graphene

(Semenoff *84, Haldane ‘88)
Honeycomb lattice of C atoms Tight binding dispersion

2 massless Dirac cones in
the Brillouin zone: Close to the two

(Sublattice degree of Fermi points K, K*: |5 F — vek-K
freedom <« pseudospin)

Hxv. (p-K) o

sublattice




Dirac fermions 1n graphene

(Semenoff *84, Haldane ‘88)
Honeycomb lattice of C atoms Tight binding dispersion

2 massless Dirac cones in
the Brillouin zone: Close to the two

(Sublattice degree of Fermi points K, K*: |5 F — vek-K
freedom <« pseudospin)

Hxv. (p-K) o

sublattice

Fermi velocity (speed of light”) |ve #1.1:10° m/s ~ ﬁ




Dirac fermions 1n graphene

(Semenoff *84, Haldane ‘88)
Honeycomb lattice of C atoms Tight binding dispersion

2 massless Dirac cones in
the Brillouin zone: Close to the two

(Sublattice degree of Fermi points K, K*: |5 F — vek-K
freedom <« pseudospin)

Hxv. (p-K) o

sublattice

Fermi velocity (speed of light”) |ve #1.1:10° m/s » 380

Coulomb interactions: Fine structure constant ghv,




Relativistic fluid at the Dirac point

Expect relativistic plasma physics of
interacting particles and holes!
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D. Sheehy, J. Schmalian, Phys. Rev. Lett. 99, 226803 (2007).
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Transport and phase diagram
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+ Magnetotransport?
e.g., Hall, Nernst effect?



Other relativistic fluids:

* Bismuth (3d Dirac fermions with very small mass)
 Effective theories close to quantum phase transitions
* Conformal field theories

E.g.: strongly coupled Non-Abelian gauge theories
(QCD): tretament via AdS-CFT



Low energy effective
theory at
quantum phase transitions

Relativistic effective field theories «» z = 1;
arise often due to particle-hole symmetry

Example: Superconductor-insulator transition (SIT)

Bhaseen, Green, Sondhi (PRL ’07).
Hartnoll, Kovtun, MM, Sachdev (PRB ’07)



SI-transition: Bose Hubbard model

Bose-Hubbard model
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SI-transition: Bose Hubbard mode

Bose-Hubbard model
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SI-transition: Bose Hubbard mode

Bose-Hubbard model
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— Relativistic field theory in d=2+1
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Questions

Transport characteristics of the relativistic
plasma 1n lightly doped graphene and
close to quantum criticality?

i Relativistic,
1 hydrodynany

Hole Fermi ligu i . ) Electron Fermi liguid

How does the relativistic regime connect to gtz
Fermi liquid behavior at large doping? s e

What is the range of validity of relativistic
magneto-hydrodynamics?

Beyond hydrodynamics?
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Model of graphene

Graphene with Coulomb H=H,+H,+H_,
interactions and disorder ~ L
IV >1V-eA/c

N
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Tight binding kinetic energy
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Model of graphene

Graphene with Coulomb H=H,+H,+H_,
interactions and disorder ~ L
IV >1V-eA/c

N ;
By —Z/d:{ wl (ivpd ¥+ p) T,
a—1

Tight binding kinetic energy
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d*k
Ho= 3 3 [ edumkala i,
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Coulomb interactions
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Model of graphene

Graphene with Coulomb H=H,+H,+H_,

interactions and disorder
iV iV_eA/c
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Model of graphene

Graphene with Coulomb H=H,+H,+H_,

interactions and disorder
iV iV_eA/c

— —Zfdx ‘Iil HFET V—I—,u)‘li]

Tight binding kinetic energy
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Coulomb interactions
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i 2me”
Coulomb marginally irrelevant! V(a) = m Screening neglected (down by factor o)

Disorder: charged impurities

Ze?
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Time scales

MM, L. Fritz, and S. Sachdev, cond-mat 0805.1413.

1. Inelastic scattering rate i » KT 1
(Electron-electron interactions) fee =& 7 max[l, 1 /T]
Relativistic regime (u < T): KT
Relaxation rate set by temperature, )l ~a’-8
like in quantum critical systems! L
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Time scales

MM, L. Fritz, and S. Sachdev, cond-mat 0805.1413.

1. Inelastic scattering rate i » KT 1
(Electron-electron interactions) Fee 7 max[l, 1 /T]

Relativistic regime (p < T): KT

Relaxation rate set by temperature, )l ~a’ -8

like in quantum critical systems! L
2. Elastic scattering rate » (292 / g)2 Piano 1
(Scattering from charged impurities) Timp ~

Subdominant at high T f maX[T . ]

3. Deflection rate due to magnetic field
(Cyclotron frequency of non-interacting . Y r

. . . B c
particles with typical thermal energy ) maX[T , ,u]
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MM, L. Fritz, and S. Sachdev, cond-mat 0805.1413.
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Regimes

MM, L. Fritz, and S. Sachdev, cond-mat 0805.1413.

1. Hydrodynamic regime:

-1
(collision-dominated) i

mp

-1
Tg , W

-1
T >>T

2. Ballistic magnetotransport 1 1 1
Ty > T >> Ty, O

(large field limit) imp »
3. Disorder limited transport = w
(inelastic scattering ineffective due to u>>T Teo S Timp

nearly conserved momentum)



Hydrodynamic
Approach



Hydrodynamics

Hydrodynamic collision-dominated regime _

Long times,

Large scales -




Hydrodynamics

. o e . . -1 -1 -1
Hydrodynamic collision-dominated regime |[EaS==gaas )

mp

Long times,

Large scales L>>7,

* Local equilibrium established: [To(I), () Ueo(0)

 Study relaxation towards global equilibrium

* Slow modes: Diffusion of the density of conserved quantities:

 Charge
 Momentum
* Energy



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phys. Rev. B 76, 144502 (2007).

Energy-momentum tensor Iwy = (E: + P)u‘”’u" + Pg‘“‘" + TV

Current 3-vector JH = puﬂ”' + pH

u”: Energy velocity: y* = (1,0,0) —> No energy current
Vi Dissipative current (“heat current”)

7" : Viscous stress tensor (Reynold’s tensor)



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phys. Rev. B 76, 144502 (2007).

Energy-momentum tensor Iwy = (E: + P)u‘”’u" + Pg‘“‘" + TV

Current 3-vector JH = puﬂ”' + pH

u”: Energy velocity: y* = (1,0,0) —> No energy current
v* . Dissipative current (“heat current™)
7" : Viscous stress tensor (Reynold’s tensor)

+ Thermodynamic relations

e+P=Ts+ up., de=Tds+ udp.
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Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phys. Rev. B 76, 144502 (2007).

J* = putt + v* T = (g + P)utu” + Pghv + 7#
Conservation laws (equations of motion):

é'#J'”’ = () Charge conservation

0 E, E,
Energy/momentum conservation v —| -E, 0 B
1 . —E, =B 0
3,T* = PP7], + — T .
v Yo T 5!‘0 E-_ ik~ p. Coulomb interaction
imp ‘k‘ :
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Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phys. Rev. B 76, 144502 (2007).

Heat current Q% =(g+P# — ud*

Landau-Lifschitz, — Entropy current  S# = Qﬂ/ T
Relat. plasma physics

d. T
—_ T

== (g 4wt [ plopu” + ) + (£ = 7))

B small!



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phys. Rev. B 76, 144502 (2007).

Heat current Q% =(g+P# — ud*

Landau-Lifschitz, — Entropy current  S# = Qﬂ/ T
Relat. plasma physics
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Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phys. Rev. B 76, 144502 (2007).

Heat current Q% =(g+P# — ud*

Landau-Lifschitz, — Entropy current  S# = Qﬂ/ T
Relat. plasma physics

d,T
Y+ HHHV)|:(_ ‘amu‘-l_ thuh) + #_;T:|

N 4+ uPuM (0" F (L — 7) Oy dqu®]
X |

Irrelevant for response at k — 0

One single transport coefficient (instead of two)!




Meaning of o, ?

* Dimension of electrical conductivity
* At zero doping (particle-hole symmetry):

O-Q — O-XX (pimp = O)

= Universal d.c. conductivity of the pure system

Why is (g, (o, =0) finite ??




Universal conductivity o,

Standard situation: No particle-hole symmetry (p # 0)

 Current is carried predominantly by majority carriers

* Finite current implies finite momentum:
(particles) @ —

(holes) O >
J=#0, JE=£0

* In the absence of impurities:
Momentum conservation implies infinite conductivity!



Universal conductivity G
996).

K. Damle, S. Sachdev,

Particle-hole symmetry (p = 0)

» Key: Charge current without momentum (energy current)!

(panticie) ® <« Pair creation/annihilation
(hole) @ > leads to current decay

J#0, P=0

* Finite “quantum critical” conductivity!
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Relaxation time set by temperature alone
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Quantum critical situation: Particle-hole symmetry (p = 0)

» Key: Charge current without momentum (energy current)

(particle) ® - Pair creation/annihilation
(hole) @ > leads to current decay

J#0, P=0
* Finite “quantum critical” conductivity!

* As in quantum criticality:
Relaxation time set by temperature alone

n
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— Universal conductivity
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Universal conductivity o

K. Damle, S. Sachdev,(gQ%).

Quantum critical situation: Particle-hole symmetry (p = 0)

» Key: Charge current without momentum (energy current)

(particle) @® <«
(hole) @ 2

Pair creation/annihilation
leads to current decay

J#0, P=0
* Finite “quantum critical” conductivity!
* As in quantum criticality:

Relaxation time set by temperature alone

— Universal conductivity

A
0

(14 Al )

Electron
Fermi liguid

Q 0.5 1

n
1072 fm®

Exact (Boltzmann)

Marginal irrelevance of Coulomb: -



Thermoelectric response

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phys. Rev. B 76, 144502 (2007).

Charge and heat current: J*=pu”—v*
Q" =(s+P)u“—puJ”

Thermo-electric response



Thermoelectric response

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phys. Rev. B 76, 144502 (2007).

Charge and heat current:

Jﬂ:puﬂ_vﬂ

Q“=(s+P)u*—puJd*

Thermo-electric response




Results from Hydrodynamics



Response functions at B=0

Symmetryz — -z: o,=a, =k,=0

Longitudinal conductivity:

ca(w, ks B =0) = il
o f ] / .P + £ 1 — T
Universal conductivity at the quantum ch(al point p =0
Drude-like conductivity, divergent for

. T—o>0,0—>0,p%0
Momentum conservation (p#0)! ’ > P



Response functions at B=0

Symmetryz — -z: o,=a, =k,=0

Longitudinal conductivity: / Coulo(nb COI‘reC)tlon

2w e
+O(k2)

HB—0) = P T _ gk
{TTTEUJJL-HB_G.] - (EQ+F+L'-J._EW'.'_) [1 (e (gﬁ—l_l_?w"'—F"_ )




Response functions at B=0

Symmetry z — -z: o, =a, =k, =0

27 e’

2
p T igk 2
1 - " —_— — _ + k
Oza(w, k; B = 0) ("‘;‘+P+sl—-ﬁw) [l w (gﬂJrl“*”P“)} o

Longitudinal conductivity: / COUIO(ﬂb COI‘ref)tlon

Thermal conductivity:

JTe 2T
P4+:esl—awr

+O(K3).

beplw, by B =10) = QT +




Response functions at B=0

Symmetryz — -z: o,=a, =k,=0

Longitudinal conductivity: / COU.IO(nb Czczzrreec)tlon

o T tqk 5

wyks B =)= - — +0Olk
ET.TT[ i B ﬂ] (EQ+F+L'-1_:.U.-I|‘_) [1 o (E"Q+ 1—3._,._:”‘F—|— ) O( )
3e 1 a,
Thermopower: 22 KT do, /du
< d' e [:] : o« e .

taa(pyw=0) = — kLT o(p,w = 0) H  Relativistic

3e dp fluid!

Only valid in the Fermi liquid regime,
but violated in the relativistic Wsadow:




B > 0 : Cyclotron resonance

E.g.: Longitudinal conductivity
w (w +iy 4 iwi/7)
(w+i7)" —w?

Collective cyclotron frequency of the relativistic plasma

B eB
¥ =L o o =—— m+—* @
(6+P)/V12: m

orx(w) = 00




B > 0 : Cyclotron resonance

E.g.: Longitudinal conductivity
w (w + iy +iwl /7)
(w +i7)" —w?

Collective cyclotron frequency of the relativistic plasma

B eB
)¢ = P o o =—— @— + — @
(5+P)/V§ m

Trx(W) = 00

. . 5 . . c 2
Intrinsic, interaction-induced broadening B

(<> Galilean invariant systems: =% (e+P)/v

No broadening due to Kohn’s theorem)



B > 0 : Cyclotron resonance

Longitudinal conductivity

oo (k) = I[LU—I—:,H'TJI [-.d-l—?f?‘-l—?”f—l—ltuig'f’}'j

(w2/7+ w] — w?




Can the resonance be observed?

w=tw,—iy—i/r

ve =1.1-10°m/s
~ /300

Conditions to observe collective cyclotron resonance

Parameters:

Collison-dominated regime ha, << aszT

Small broadening 7,7 <o,
2
Quantum critical regime PPy = _(kBT )2
(hVF )

High T: no Landau quantization E, =hv, 2¢B << kgT
hiC




Does relativistic
hydrodynamics apply?

* Do T and u not break relativistic invariance?

 Validity at large chemical potential?

» Beyond linearization in magnetic field?

* Treatment of disorder?




Boltzmann Approach

MM, L. Fritz, and S. Sachdev, cond-mat 0805.1413.

— Recover and refine the
hydrodynamic description

— Describe relativistic-to-Fermi-
liquid crossover

— (Go beyond hydrodynamics



ofS from Boltzmann

L. Fritz, J. Schmalian, MM, and S. Sachdev, condmat 0802.4289

Boltzmann equation in Born approximation

(at+e[E+va]-§kjfi<k,t) 15t {00215 1, 0,0

Y

a. . ) . .
) + iy i i i
_7j _7j _7.j _7i
) 2 +,1 +,1 9
1 5 5



ofS from Boltzmann

L. Fritz, J. Schmalian, MM, and S. Sachdev, condmat 0802.4289

Boltzmann equation in Born approximation

ol B2 1 ()=t et {10 A 15l 1060

Linearization: f.(k,t)=f(k,t)+oF, (k,t)
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L. Fritz, J. Schmalian, MM, and S. Sachdev, condmat 0802.4289

Boltzmann equation in Born approximation

oy relirvh- L1 ) a1 e {00 15 et (060

Linearization: f.(k,t)=f(k,t)+oF, (k,t)

Great simplification: Divergence of forward scattering amplitude in 2d

Amp[__> D _;]—)oo

— Equilibration along unidimensional spatial directions

Atphsymmetry: £ 0= £l g -t : -l
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Boltzmann equation in Born approximation

oy relirvh- L1 ) a1 e {00 15 et (060

Linearization: f.(k,t)=f(k,t)+oF, (k,t)

Great simplification: Divergence of forward scattering amplitude in 2d
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— Equilibration along unidimensional spatial directions
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0.76 &*
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ofS from Boltzmann
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Boltzmann equation in Born approximation
ol veB]-2 1) =a 13l 06O 15 e LK)

General analysis in linear response:
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vpk vpk
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ofS from Boltzmann
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Boltzmann equation in Born approximation
oy relirvh- L1 ) a1 e {00 15 et (060

General analysis in linear response:

falr, k,w) = 278(w)f3(k, T(r))
v k vpk
+ farll — f)?Lt]T_Fgek' [EE( ')g ﬁi] (%M) + ‘?T{w)gﬁi} (%}M)

- [mntf (5) # v ()

Central element of analysis: Choose appropriate basis 0 ,_ + k t Za ¢ /1 k

+ fall — £

do(A, k) = k, Momentum or energy-current mode
d1(A k) = A Charge current mode
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Boltzmann equation in Born approximation
oy relirvh- L1 ) a1 e {00 15 et (060

General analysis in linear response:

falr, k,w) = 278(w)f3(k, T(r))
v k vpk
+ farll — f)?L‘]T_Fgek' [EE( ')g 1|(|E,wi (%M) + VT{“‘)Qﬁi} (%}M)

| | L N vk
F (ex x e,) - { (L‘,;g E) (T ..u;) +v.r(w}gﬂ (%u)]

Central element of analysis: Choose appropriate basis 0 ,_ + k t Za ¢ /1 k

+ fall — £

do(A, k) = k, Momentum or energy-current mode
d1(A k) = A Charge current mode
5 / 2hfO (1 = fO)bnsz(A, k)do1 (A, k) = 0 Relativistic dispersion ensures that @,

only couples to ¢, for clean systems!



Conductivity: o,
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General doping:
 Ph 1
Clean system: g, (w:pu,A=0)=e ' + oo
:L‘:E!{ Hu'!l' ) E-'-P (—ll'.-l.-} Q
Precise expression e 1 2 (1) p? (hv)? ? 1
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Conductivity: o,

L. Fritz, J. Schmalian, MM, and S. Sachdev, condmat 0802.4289

General doping:

Clean system:

Precise expression
for o, og(p,w) =

Gradual disappearance | -
of relativistic physics E

1 2 3 4 5 T

Will appear 1n all Boltzmann formulae below!



Conductivity: crossover
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General doping:

2.2

Lightly disordered system: o, (w;p, A) = i : 1; +og +do(A,w,p)

=] .
Timp — W =

do(A,w,u) = O(A/a?) «— Correction to hydrodynamics



Conductivity: crossover
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General doping:

2 2.2
—— L +oq +60(B,w,m)

Lightly disordered system: o, (w;p, A) =

=5 ;
Timp — W =

do(A,w,u) = O(A/a?) «— Correction to hydrodynamics

P : S .
Fermi liquid regime: Goelw =0 > T) =~ P UETimp

e+ P




Conductivity: crossover

L. Fritz, J. Schmalian, MM, and S. Sachdev, condmat 0802.4289
General doping:

2 2L
—— L +oq +60(B,w,m)

Lightly disordered system: o, (w;p, A) =

=5 ;
Timp — W =

do(A,w,u) = O(A/a?) «— Correction to hydrodynamics

Fermi liquid regime: e p* Vp Tim
quid regime. Ore(w=0;03>T) = d
: e+ P

Impurity limited

/ conductivity

Universal Cb




Conductivity: crossover

L. Fritz, J. Schmalian, MM, and S. Sachdev, condmat 0802.4289

General doping:
EE pEI.E
5 toq+80(A,w,p)

— 1w E

Lightly disordered system: o, (w;p, A) = —

Timp

do(A,w,u) = O(A/a?) «— Correction to hydrodynamics

2 .2
e+ P

Fermi liquid regime: Ore(w=0;p>T) w

J.-H. Chen et al. Nat. Phys. 4, 377 (2008).

'DOping fime "-s \\ / .“{

60

Impurity limited
/ conductivity

Universal Cb
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Magnetotransport

* Strategy: describe the slow dynamics of the momentum mode ¢, in
very weak disorder and moderate magnetic field

Result: Full thermoelectric response (for general B) obtained in terms
of thermodynamic quantities + only 2 independent transport
coefficients (collision matrix elements)!

« At small B, one transport coefficient is subdominant
— Relativistic hydrodynamics with only one transport coefficient o, is
recovered!

-1 -1
T.. >>Tpg

0zz(w,B) = oM (W, B) + O(b/a?,w/a?)

iL L

orrections to
hydrodynamics



Magnetotransport

* Strategy: describe the slow dynamics of the momentum mode ¢, in
very weak disorder and moderate magnetic field

Result: Full thermoelectric response (for general B) obtained in terms
of thermodynamic quantities + only 2 independent transport
coefficients (collision matrix elements)!

« At small B, one transport coefficient is subdominant
— Relativistic hydrodynamics with only one transport coefficient o, is

recovered! = =
Re[Cx], In[Cx] Tee >> TB
40 |
Cyclotron
resonance: 20| Boltzmann

0.4 0.5 of

=20t




Cyclotron resonance revisited

Crossover to Fermi liquid regime:

 Semiclassical o, recovered at p >>T

 Broadening goes to zero - Kohn’s theorem
recovered: Non-broadening of the
resonance for a single parabolic band.

Re[G 4], Im[G 4]
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Cyclotron resonance revisited

Beyond hydrodynamics: Towards ballistic magnetotransport

-1 -1 1
Large fields Tg > Tee 2> Ty @
W, ¥
o+ Resonance Damping
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Strongly coupled liquids

Same trends as in exact (AdS-CFT) results for strongly coupled relativistic fluids!

S. Hartnoll, C. Herzog (2007)

Dampin

Resonance

Graphene
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Summary .

Relativistic liguid
 Relativistic physics in graphene CD

and quantum critical systems Hole Fermt liuld, ;- Blectnon Femi i

Interaction ‘dominafed | hyd;'odynamic )

« Hydrodynamic description: Disorr ofrinated
— collective cyclotron resonance in the relativistic regime

— covariance: 6 frequency dependent response functions
given by thermodynamics and only one parameter o,

* Boltzmann approach

— Confirmed and refined hydrodynamic description
— Understood relativistic-to-Fermi liquid crossover:
e From universal Coulomb-limited to disorder-limited
linear conductivity in graphene
* From collective-broadened to semiclasscial sharp
cyclotron resonance
— Beyond hydrodynamics: describe large fields and disorder



