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Kernnder on
N=2 s M/?erSyﬂ?mefly 1n Leoo
dimensions: Basic ﬂ-;w/ fw/ els

Vedz‘-ﬂ!‘ ﬂ-?ﬂf/f{;:?/ef contans a 3&6(36 Lie/d and
aa’u,r'cu'nf complex scalar;
Chiral multiplet contans a( a/?ﬂrged)
complex scalar
(plus auxiliary bosonic Fleld),

Teorsted ctural M&(/Z‘{p/ef contans a
caﬂ?,ﬁ/ek Scalar and a j&d{g& Fiel/d
Sz‘rarﬁfﬁj



Kerunder on
N=2 SMperSymmeZ‘ry 1n Ceoo
dinensions: Basic Mu/ ziplets

Vector ﬂ-?z:{/f{;?/ef contans a acge £lel/d and
A z:iam;?/ek Saa/ar
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Chira/ MH/Z&P/&Z‘ Contans a cﬂﬂ?/ﬂ/e_k scalar
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C/p'ra/ ﬂ-?t.’{/ Z‘#?/ e? contans a aﬂﬂ?’;’/ ex scalar
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7:4.1.*'\5 Zed c'_',/z:'!‘r:?/ ﬂ'?z:{/ Z‘.r:;?/ e? contans a 5&5{93
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Fa @/Efﬂﬂfﬂﬁﬂﬁ/ oS and theta Cerms
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(Give an example of Lhe Cwisted superpotential

T =1ir+60/27.
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Mat'ter Kinetic derms
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Superpotential terms
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N=2 sapersymmez‘ry 1n Ceoo
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T e sted mass Cerms

Imass
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T ewisted mass terms

En;ah;as — fﬂ149 tr (‘i"lﬁ?v & Idc{:}l{}r Eljaﬂe‘I))

where V =m#_0_, m acts in a flavour space, and, to preserve susy:
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Tewisted mass Zerms
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CPN 0de/
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(N+1) chiral medtiplet of charge +1
Q' i=1, ..., N+1

U(1) gaxge grouz

O /5 a scalar
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More :’nZ‘ezreSZ'fng exam;?/e

Field content

Gauge group: G=U(N) o — diag (o1, ...,0N)
Matder crira/ ﬂ?ﬂ(/Z‘{ﬁ/EZ‘J d
l ffdu jornt Zeonrsted mass M
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More :'nZ'ere\SZ'fﬂﬁ example
Non—anora/ous ) WV finte case.
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T able of dwalities

ke s
s s /9;';;\5’ C/?r‘f‘ﬂ/
N excitddions 7L /; fay!?/ e? S’
l ::Ed"/'c:u'ni
N | L fundamental/s

NB: Special masses, to be explained



T able of dualities

XXZ spin chan
S 2)

b 5/2:?:'!?5
N excitations

(Hinh (X +isy)\ " 1—[ sinh (A; — A; + i)
sinh (A — isy) _”‘_1 sinh (A; — A; — i)

ULN) d=3 N=2
Compactified on a circle
Chira/ meltiplets:

I :::Ecgjc:;nf

L fundamernta/s

L anti —Fund.

Special masses again



T able of dualities

XYZ spin chan N d=4 N=|
S&&':), L = 2N Coppactified on q
5’,1'?!. NS 2-Corus = elliptic curve £
: ; Cﬁi}d""’ Mﬂt’n"f{lﬂfﬂf&*’
N excitations e

: L = 2N fundamernta/s
H= Z-Ixaﬁk‘:aﬁﬂ +Jyot@al  +Joi@ol L = 2N arti—Feend .

n=1

Masses = wilson loops
of the flavour group



T able of dualities

XYZ spin chan M Af) d=y N=2
Sl 2), L = 2N SPInS Compactified on g
N excitations 2-Corus = elliptic curve £
L = 2N fundamenta/
hypermeultiplets

L
H= z Soi@ol  +Jot@cl  +J0i®0%,
n=1

Softly broken down to N=1 by the
wilson loops of the global
symmetry group = flavour group

U(L) X U(1)
= points on the Jacobian of E



T able of dualities

TZ is remarkable that the spin chan Aas
Frei’f.fefy fﬁﬂﬁe ﬁeneraﬁzﬂf;ﬂﬂj .
rationa) (XXX), Zrigonometric. (XXZ) and elliptic (XYZ)
2hat can be malched o he 2, 3, and 4 dim cases.

L
H=Y) J0i®0%.,+Jyol @c¥,, + 07 @07,

n=1

Jy=14ksn*2y, J,=1—ksn®2, J;,=cn2qdn2



T able of dualities

The L fundamertals and [ andi ~Fundamentals can have
different twisted rGgsses

Field Twisted mass

Qo  Uot+iseM
Qa —Ha 5 & iSuM
¢ —iM

THs theory maps to infiomo ous spin chAan esth
dif Ferent 5,;:?.-'!:-5 at differerst sites



T able of dualities

Y%“Yd}ﬁ ﬂ::::r&fﬂffﬂﬂ Feinclion =
effective Lunsted superpotential



T able of dualities

ﬂﬂﬂ?#‘?&(ﬂr‘fﬁ Aannltonians {eﬁrfﬂm:'c:m of transfer matrix) =
2he chird/ ring generators, like

Tro™



T able of dualities

C;Mje Z‘/}'E.ﬂr-y Z‘/?EZ_‘::E arg/e (c’,aﬂ?’ﬁ/em‘ﬂea’)

15 mapped Co Che Spin chan Cheta wg/e.
(Zeoisted éﬂﬂhﬂ’a}y conditions)
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A. @eérafc Bethe Ansatz

Faddeev et al.

The spin chan is solved cz/geérafdﬁz//y
using certan operators,

A\, B, C(\), D(N)

c::éeyfrg ekci/zwge Commutalion
rel. alions



A. @eérafc Bethe Ansatz

7 he e{gem’eafarS , Bethe vectors, are
obtained éy c;ﬂ,ﬂ/y;lg CheSe operalors
Zo 2he ( FSE&(C!‘G)\/M&(W.

U = B(A)B(X2)... BON)Q



A. @eérafc Bethe Ansatz
vs GAHUGE THEORY

For the spin chain it is nadural 2o £ix L =
Zota/ naméer of s /ﬂfﬂkﬁ

and consider variows /‘/ = ebfr:"_ffdffan /EFE/S

In the gage f/?ea)y context N 15 F£ixed.



A @eérafc Bethe Ansatz
vs STRING THEOKY

Yorwever, i£ the theory 15 erbedded
1nt o Sfrr'rg ?.‘/?Er:ﬁf}/ via brane
realization

Z en cl/zarg:)ﬁ N is easy:

érr‘nj In an extra brare.

One might use the constructions
of Witten'96, Hanany-Hori'02



A @eérafc Bethe Ansatz
vs STRING THEOKY

THUS:

B(\) /s for BRANE!

A s for location!



Are 2hese rodels

oo special, or Che
gautge Z‘/?eofy/ :'hz‘egaé/ e
/atice rmodel

cCorres /?ondenae 1S
Pore 33/7&}‘62/ 4



Actually, virdually any
Bethe ansatz solwble
Sy\Sfeﬂ? can be mcggped Zo a

N=2 d=2 gauge Cheory
General spin group ¥/,
§—vertex model,
Webbard model, ....




More 3&)7&)‘62/ S p:'n Ci/zdr'né‘

The S 2) 5;7:}1 cAhAan
has 5enera/:‘zaz‘fcw5 Zo
ot her groups and representations.

Fucting the (nested) Bethe ansatz
Efz:{cz?frlﬂn5 Fronr N.Ke 5\5/7-52‘:'1(‘/7;17



Genera/ 3}* oUPS / reps

For Ss'ﬂ?,ﬁ/y-/ﬂc:ed group Y/ of rank r

N———}i:Ni,Lﬁ—&i:Li



Genera/ 3}* oUPS / reps

For simplhy—laced group ¥/ of rank r

: )\(1) . ,‘_LE] 53 S&lj r }((1) )“g) e 01.]

H)tg)n_ Ef)— (i) HH

i (3

( i Si) 1.521:‘5&/ !‘%ﬁf‘&jenfﬁif;ﬂﬁj of ZAe Yﬁfﬁfﬁf?
Ha» Sa of” Y+ Kirillov-Keshelikbin modetles

Cij Cartan madrix of ¥/
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JUIVER GAUGE THEORY

«‘S}/MMEZE!‘;E\‘S
0 mL:
O ELL
gauge group: U(N,) X U(N,) X .... X U(N,)

2

flavor group: U(L,) X U(L,) X .... X U(L;)



JUIVER GAUGE THEORY

«5}//??#?&1‘!‘;&5
.
™ L
= ° -m : . . . . .
° ® ® ':Hi @ ® - . °
- - - e L; o . -
e

gauge group: U(N,) X U(N,) X .... X U(N.)

flavor group: U(Llf X U(sz X .... X U{er



JUIVER GAUGE THEORY
Cﬁdﬁﬁed »maller

O Adjoint chiral multiplet

Fundamental chira/ metltiplet
Anti~fundamental chiral multiplet

- Bl ~Ffundamenta/ clura/ ﬂ?ﬁc’/i‘iﬂ/&f



JUIVER GAUGE THEORY

Matler Fiel/ds: cicg/lar'nZ'S

8
$96%%



JUIVER GAUGE THEORY

Mcadder flelds: fundamentals +
antifundamentals

ESSSREEE



JUIVER GAUGE THEORY

McadZer fields: b ~Fundarertals




JUIVER GAUGE THEOKY

Fedl/ ﬂ55mé/y in the N=2 d=2 /czrgaage

AN AT T

50 Hr* O E



JUIVER GAUGE THEOKRY :

ZeorSted riasSsSes

A «:ér'cu'nfS MC

8
O@-Q-'@-C}Q



JUIVER GAUGE THEOKRY

ZeorSted riasSsSes

fundamentals
anti ~Fundamentals

HHHH

a=1,...,L

M(p&i) = s S(i))




JUIVER GAUGE THEOKRY :

ZeorSted riasSsSes

Bl ~fundarenta/s MC;



wWhat is so specia/
aboud af/ Chese
»rMmasses?



7T he e Sted rasses
Correspond Zo
Syﬁ?ﬁ?efrfeS :

ﬁ/ﬁ?ﬂ?&i‘h‘e\f are
restricted zfy Zhe e g -
Superpotential
deformations



The N=2 d=4q (N=g d=2)
Superpotential

L
Wo = Z tr éa‘I’Qﬂ’
a=1

Yas a Symmetry

Q° e 27@“ Qp — e P 37 D P



L
Wy = Z tr éﬂ‘fb@ﬂ’
f=1

IZ 1s Z/us Syﬂ?ﬂ?ef)}/

il - 1 .
Q”Hgiﬁ“_zzﬂf@“? Qpr— e ©Ps 27 P 7P

wnch
ek;?/ ans Che ratio of
&ce’/'c::'ﬁf and
Fundamental masses



S"‘M;/C?}‘/y, we Should ask:
W /’[y chooSe s
Ya/f —-:'nz‘egra/

in Che 2able

Field Twisted mass

Qo Mo +is8.M 7
Qa —Ha s E'-SGM
¢ —iM




7776 anseoer 15 Chatd one
can Tern on more

5&!7&)‘6?/ S M/?er;?afenffﬁ/

(ONLY N=2 D=2 IS PRESERVED)

Wi Z THOR Lok

a=1

wWhich has a s el

Eae

Qa, i Eiﬁa—zsaﬂf@a ? Qb s E—‘ﬂf@b—ESb"?’ ? d— P



YWubbard rodel/
Belhe ansatz

M . .
; At — sinky +iU/4
.;;i,nL: i ¥ —
¥ Elzfl-)x;—sinku—iﬂfti’j bk Y
ﬁkg—smkﬂ,—iﬂﬂ_ﬁk;—im—iﬂﬂ "
mzl Jh!—,lm—l—i[ffﬂ.a 11111

M —sinkg +iU/4

a=1]



The reew :rgred;eﬂz‘ 1S Zhe
a nonlinear S19ma mode/

b

N
+zz{ﬂrﬂ_“ﬂ+””]ﬂg{ﬂ’n—;t +u)— 1]+

N
+ 33 (a — 00 + u) log (s — 00 + 1) — 1]

=] g=1

2]

T Z (0 — o5 — 2u) [log (0q — 08 — 2u) — 1]
a,d=1

L N
+2mi z Mafta + 271 z Maa

a=1 a=1



Fia na//y, what 15 Che
Meczmrg of Che spins?



wWhat 1s he Meanflg of
Belhe woavefunction?



L Zime /?erﬂ?;fS -



Feerd her
deve/ c:/?ﬁ'?enZ‘S .
Instaiton corrected

Bethe Ansalz
e.? U 10oNnS



Instapidon corrected
Be? he ,4 NSal Z
e?d—(df 1oNS
Consider

A= Zheory on R2 X §2
whith a partial Canst ﬂfaﬁﬂ the Lwo-sphere
One 3&2‘5 a deformation of ZAe
Yr:vg —~M. /s —=itc Ain Zheory

(introduced in Moore-NN-Shatashvili’97)
(i R?is replaced by a Kiemarn swurface)



7T eonsted s Uperpole ntia/
£Forn ;Pre/:?c:r-fenz‘fa/

Tree fevel! Pﬂ"f

~ 8F 1 0F

Wes ({I; m,T, ;\) = am i i B | Zf:(?n:ﬂfi‘['miﬂrﬂ,i)

Lrddeeced Seperpctertial
by deist (Losev-NN-Shatashvili'97>



7 ensted s Uperpole ntia/
£rornt /ﬁre/vcafenz‘fa/

Magretic +7eex mi —. F ¢
S2
‘ =X\ —i+5(N+1)
Electric #7ux ng = A; — 1 2

In the linrut of v::w':;};;,ﬁ 57
ZAe m@nez‘;‘c: £letx shoeld varnish



7 ensted s Uperpole ntia/
£rornt ,ﬁrepc:fenz‘fa/

-1= & a w8 = & L1 JP—
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Instarton corrected

Bet he 4 NSalZ
e?&(CZZ‘ 1ONS

4 {[u;l L _ 4
exp 4 27i Z =
I da;:O0m k da;

We can read ofF an KS—ricadri>x?>
IZ contans 2-,3-, /7{3/2&;* order
interactions




Instanton corrected

Bethe Ansatz
e?aaz_‘fon.s

7 Ae }ﬁre‘,;?czfenz‘fd/ of the [oww —enerqy effective fﬁec::ry
s 3::!{’&#&5:-:#’ z‘.{y a classical {ﬁofc:-m-::-r,ﬁ/w'c‘:) fnz'egraﬁ/e Sysfe,n?

Donagi-Witten’'95

Lioeville Z2or = Jacobians of S&fﬁerﬂ —titten curves



Classical :'nz‘egraé/ e SYs Zernt
VS
6;74(62/?54(”? 1 1t eﬂraﬁé/e SySZ‘eﬂ'?

77?&'1‘ Syﬂfem 1S g?ﬁ{ﬂnffiled ewhren
Zhe galge Z‘/?e.::ry 1S 553.:5'.5::-1‘ Zo
zhe Oﬂfd%gﬁﬂtgdd.ég.“ﬂﬂ)ﬂ

NN'D2
NN-Okounkov' 03
Braverman'03

Ower ?ﬁanfﬁfﬂ? syster IS different 1
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2d Hitchin configuration
4d instanton
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(necw states, necw Solutions)

Sc::ﬂrez‘ﬁ:}:g for the fedure



Rermark

In 2he 5,0 = 0 /ipi
Z e Sa;erjymmetry enhances

Cf. BA for QCD
Lipatov, Faddeev-Korchemsky 94
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CONCLUSTIONS

3. 7The cz/geérﬂfcl Betlhe ansatz Seems
Zo provide a realization of the brare
creation operdlors —- 55&?&5/7:)5 of
M@'ar I mportance both For
Z‘.'G/E?r::/c::jfr:la/ and ;/7}/5?.:152/ SZ‘H/@

2 ecries

4. 0651/1‘5445/5/ /s 15 a é&ﬁ;ﬁﬁ;)’g of’ a
beatiful story....



