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Summary

Two approaches to 2D quantum geometry

Continuous approach Discret approach
| |
"Liouville Gravity” "Matrix Models”

Impressive body of evidence that the two describe the same reality:

e Operators
O}%G OMM

have identical scale dimensions

e Some correlation numbers coincide:

(OFC. 0Ly = (OMM oMM

But with "naive” identification many correlation numbers are
not in agreement.

Resolution [Moore, Seiberg, Staudacher, 1991]: Resonance relations:
[Ok] = [7,][O]

l

Umbiguity OMM = OLC 4 BZlk? Thy OISQG

e In many cases the disagreement can be fixed by adjusting the
parameters (e.g. Blljll'” above)



e This work: Trying to find exact map for special class of models:

2

p — criticality” in

”Minimal Gravity” MGs/op41 One — Matrix Model

o The problem is rather "rigid” (more constraints then the parameters).
o Nonetheless, the map exists up to the level of four point corr. numbers.

o The resulting 1-, 2-, 3-, and 4-point correlation numbers are in perfect
agreement.



1. Minimal Gravity

1.1. Quantum Geometry

> [ Dlgiplgjesine

topologies

g(z) - Riemannian metric on 2D manifold M (assume sphere)

¢ - "matter” fields
Invariant correlation functions (”correlation numbers”) :

<Ok1...OkN>:Z_1/O~k;1 OkN g’¢]D[g,¢]

with

Ok :/M Ok(z) dpg(z)

Ok (x) - local fields (built from ¢ and g).

Generating function: {7} = {m,..., 7}

W({rh) = 2(r})/2({0}),  Z({r}) = t/D lod]

S’r[ga¢] = SO[ga¢] + Z Tk Okz
k

so that
A

8Tk1...87-kN

7=0

The parameters {7} may be regarded as the coordinates in the
"theory space” X..



1.2. Conformal Matter, and Liouville Gravity

uv Tmatter — _i R
gt 12

Conformal Gauge g, = e2by Juw: = Decoupling

S[ga (b] - SL[SO] + SGhost [Ba C] + SMatter [(b]
with

1 . .
SLW:E/\/E [g“ 0,000+ QR+ dmpe®? | d°x,

1
SGhost[Bac] = 2_ / \/,5 B/U/ veer d233,
T
(BMV:BVAH nguv:O)?
26 —c=1+6Q? Q=>b+1/b.

(SMatter|[®] is conformally invariant, with the central charge c).

Correlation numbers <(§k1(5kN ) with

Ok:/Vk(x) ®y. () d*z

Oy (x) - (spinless) primary fields of the matter CFT, with the conformal
dimensions (Ag, Ag)

Vi (x) - 7gravitational dressings”,

Vie(z) = e* v(@) ap(Q —ag) + Ap =1

Gravitational dimensions of Oy, control the scale dependence of the

corr. functions: a
On ~i e=my



1.3. Correlation numbers

<Ok1---0kn > = ‘(331 — ZEQ)(SL’Q — Ig)(l‘g — 371)|2 X

[ a1, (O (20)Ons(22) Ok ()0 (00)-- O, ()}

H

< Vkl (xl)vkn (xn) >Liouvi11e < (Dkl (wl)q)k:n (ajn) >Matter

(Vk(:p) — e2ar #(2) , ak(Q — ak) =1- Ak)

e The Liouville correlation functions are expressed in terms of the
”Conformal Blocks”, e.g.

(Vi (1) ... Vi, (24) )Liouville =
dP
/ —C’L(akl,akQ,Q/2+zP)CL(Q/2 — ZP akg,ak4) ‘fA p)(l — A \xl)\

with A(P) = Q%/4 + P?, and the "Liouville Structure Constants”

3

—a)/b T 261@
Cr(ai,az,a3) = (WUV(b2))(Q / Ty ;_ H

where a = a1 + as + as,

. —

*dt [(Q—2x)> _, sinh®((Q/2—x)t)
log Ty () :/0 n [Te sinh(bt) sinh(t/b)]

e Integration over the moduli x4, ..., z, is to be performed.



1.4. Matter CFT: ”Minimal Models”

(p—q)?

pq

My /g c=1-6
Finite number of primary fields
Ppmy (n=1,.,p—1, m=1,...,¢—-1, n<m),
with (in principle) computable correlation functions, e.g.

< (D(nlaml) (xl)"'q)(n4,m4) (374) >MM —

(n,m) (n,m) ' 2
(Z) ) zmz) C(n37m3)(n4,m4)‘f(n,m)(AZ‘m)‘

Fusion rules:

N M

P(ny,mi) Png,ma) = Z Z [(I)(n,m) 5

n=|ni1—nsz|+1m=|mi—ma|+1

with
N =min(n; +ngs —1,2p —ny —ng — 1),

M = min(my +mo — 1,2¢ — my —mg — 1)



1.5. ”Yang-Lee series” of the Minimal Models My /5,

® Mjy/9,4+1 has p primary fields
Pr = P4kt 5 k=0,1,...,p—1 (p,p+1,....2p—1)

Fusion rules

ki1+k2

@r )@= Y [®k],  [®k] = [Pap_p—1]
k=K1 —ko|:2

" Parity” :

o + for even k
& — for odd k

Oy = Poy,_—1 —  7Parity violation”

e Correlation functions:
(®k ) = Ok0, (PpPrr ) ~ ki

k1 + ko < k3, etc, for ki + ko + k3 even

O, Pp, P, ) =0 if
< k1 *ko k’3> 1 {k1+k2+k3<2p—1 for ki + ko + k3 odd

ki +..+kp1<k,, for ki+..+k, even

Py ... D =0 if
(P, o ) ! {k1—|—,,.—|—kn<2p—1 for ki + ...+ k, odd

e Interpretations:
My/3 - "empty” theory (has only identity operator)
My 5 - Yang-Lee edge criticality [Cardy, 1985]

Ma9p 1 - Yang-Lee multi-criticality?



1.6. Minimal gravity MG,

My/q  coupled to the Liouville Gravity

e Early computations of the correlation numbers: [Goulian & Li, 1991;
Di Francesco € Kutasov, 1991; ...]

e Systematic approach [Alexei Zamolodchikov, 2004; Belavin €
Al.Zamolodchikov, 2006]:

"Higher Liouville Equations of Motion”

/ [...] = / [total derivative] — Boundary terms
moduli moduli
e Results for MGy /oy 1:

Op = / Vi) ®p(z) e, Vi(z) = ekH20e@)

with
b=+v2/2p+1)

* One-point correlation numbers

(Or)=0,
** Two-point numbers
< Okok/ 1 2
OOy ) = L k
(OrOkr ) Z, 2p—2k—1 egy (k)
with
Zy=(2p—1)(2p+1)(2p+3)] "
and
-2 2p+1
BTN 00 Bl W == Rl W K
L — 2k — —2k—
w1 LR




* x x Three-point correlation numbers:

N A D) N, 1k2k3 -
(00 00,01, ) = == ] Legu (k)

P
where Ny, k,k, enforces the ”fusion rules”

1 if the fusion rules of Mj /o, are satisfied

N —
Fikaks {O otherwise

* x xx Four-point correlation numbers:

4
~ o~ =~ = >
(Ok, 01,0k, O, ) = =227 [ Legy (ki)
p i=1

4 k1
Shyks = (k1 + D)0 +k1+3/2)=> " Y [p—1/2—k; —

1=2 s=—k1:2

Applies when the number of conformal blocks in (®g, ... P, )
is exactly ki. This holds for instance if

k1 < ko < k3 < ky, and ki +ky < ky+ k3.
k1 ) 4
> p—5—ki—s|=(k+D)(-2p+ 3 +Zk Z (k1 + ki)
8:—k1:2
F(k)_(p—k:—l)(p—k:—Q) O—p). Ok 1 for k>0
%)= 2 P 10 for k<0

*...x Higher-point functions are (in principle) computable
[Belavin, Al.Zamolodchikov, unpublished)
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e Generating function: {7} = {7, 72, ..., 7p—1}

Wamg(p,{1}) = < eXp{ B pil n Oi} >M92/2p+1

1=1

The cosmological constant © may be treated as pu = 7

SIMG] = ...+ / e20¢(®@) 2 4.

A\ g
~"

ng/Vg(az)(I)O(x)an:, Oy =1

Dimensions:
k+2

Tk NILLT, ]C:O,l,,p—l

By the definition

0" Wpamg(p, {7i})

(Og,..0n, ) = : {ri} ={m, ...

Ok, 0Tk, | r3=0

11



2. Matrix Models

Continuous (scaling) limit of the ensemble of planar graphs

Vo

l

Quantum Geometry

2.1. One-matrix Model

The planar graphs = Feynmann diagrams associated with the
perturbative evaluation of the matrix integral

Z = log / dM e Nt (%M2—Zn:3 O;L_T’LMTL)
M- Hermitian N x N matrix, N being the device for sorting out
the topologies
Z=N*Zo+Zi+ ..+ N9 7, + ..

Each term Z, generates discretized surfaces, of the topology g, made
of triangles and higher polygons, with the weights determined by «;.

i

N,

e We concentrate on g = 0 (sphere)

Y. -space of the "potentials” V(M) = > _, % M".

n=3 n!

e The sum of the planar graphs exhibits critical behavior, in the vicinities
of certain critical hyper-surfaces in >:

W CYpC.CXCX1CX

/]\
" p-criticality”

12



2.2. Solution of the One-matrix Model (g = 0)

e Result [BrezinésKazakov,1990;DouglaséShenker,1990;
GrosséMigdal, 1990]: Near p-critical surface

0?Z (o, oy tp_1)

Us = Us (Lo, oy tp—1) =

ot
with u, being certain solution of
Q(u) = up+1 - to up_l — .. tk up—k:—l — e tp_l =0

{to,t1,...,tp—1} - deviations from X,,.

More convenient expression for Z:

1 [*
Z = 5 /0 Q*(u) du.

e Interpretation [Staudacher, 1990; BresinésDouglas€d &Kazakov

E9Shenker,1990; GrosséMigdal,1990]: Take
to = p —"cosmological constant”

Then

W =[u?], W)=z, [Z=k=],

exactly the gravitational dimensions of MGy /9,1,
ty ~ Tk k=0,1,2,...,p—1.

Convenient to separate to = i and {t;} = {t1,%2,...,tp—1}

Matrix Model correlation numbers:

"W (p, {ti})
(Ok, Ok Y = Oth,.-Op.

{t,»}:07
with
Z(tO = W, t17 e tn)

13

{t:} = {t1, ..

,tn}



With the (naive) identification
ty ~ Tk
one would expect

(O, .0k Yrar = (O, .0k g X [Leg factors]

This expectation fails.

Since

p—1 u
1 *
Q) =w — ™ =Y ™ 7= / Q*(u) du
0

k=1

we have u,(u,0, ...,0) = /i, and

2p—k+1
atk {t=0} atk {t:O} p—k-1)(2p-k+1)
027 B /u 0Q(u) Q) I e
Gtké’tk/ {t=0} 0 8tk 8tk/ {t=0} 2p —k—-kK -1

etc

in sharp contrast with
(Oxdmg = 0, k=1,2,..,p—1 (since (®y)crr =0)

(OO Y g ~ Orr (since ( PrPr )orT ~ Okk’)

etc

Resolution [Moore, Seiberg, Staudacher, 1991]: Resonances between the
operators Oy.

14



2.3. Resonance transformations

k+2 k+2

el =1 =], ] =n="]
It is possible to have, e.g.

[tk]:[Tkl][TkQ] (k:k1+k2+222)
(k=0,1,2,....,p—1). Le.
p—1

t, = T + Z cl,ffk? Tk, Tk, + higher order terms

kq,kg=0
ki+ko=Fk+2

Thus
to="To = I,
l1=m, ([tx] = [1*/?])
ty =T+ Az p* | ([t2] = [1%])
ts =Ts + Bapum , ([t3] = [K][t1])

ts=7Ta+ Asp® + Bipro + Cyri

etc

15



generally

n<k/2
k42 —2n , n
e =Tk + App 2 + Z By W o +
W—/ "0 . ~ 7
T T
k — even
’ k>3
k> 2 -
1
IS Y e
T
k>4

WMM({t}) — WMM({T}) = WMM({t<T)}>

The right thing to expect is

MNWyun({r}) -~ =~
6Tk1...aTkN - <Ok10kn >Mg

under special choice of the ”Liouville coordinates” {7y, ...,7,}.
Tk:(), k:1,2,...,p—1

!
k+2
2

th = A 2 — ”"Liouville background”

16



Problem: Finding the ”Liouville coordinates” {7}, such that

e One-point numbers:

- oW
<Ok>MM:M =0 for k:1,2,...,p—1
Tk {r}=0
e T'wo-point numbers:
~ O2W (w, {r
(OrOk )M = 5 (. 17}) ~ Ok
TkaTk/ {T}:O
e Three-point numbers:
o W (1. {7})
(Op, Oy Ops Y v = D OTr 0T, 1o =0

obey the fusion rules.

e Multi-point numbers obey fusion rules, e.g.
For even k1 + ... + k,

<Ok10~k2---0~kn >MM =0 if k,>ki+ko+..+k,1
For odd k1 + ... + &k,

(04, OpyOp Sunt =0 if ki4 ko4 o4 ky <2p—1

Building the Liouville coordinates order by order in {7}:

o The resonance transforms do not affect odd parity correlation functions.

o Starting from n = 4 there are not enough parameters to exterminate
the "wrong” correlation numbers:

M) =15 = [Thake) = 7)) 147

17



2.4. Resonance terms in 7

Defined up to regular terms:

Z{r}) = Z{rH+ > Y b,
k

n ki..kn

T
T[] [0 ) = 2]

2p+3 2p—k+1 2p—kq—kg—1

Zreg =ZoM 2

+ 2zl 2 Tt Zkke M 2 Thy Thy T -

where only integer powers of u are admitted.

The resonance terms affect negative parity correlation functions

with
ki 4+ ...+ k, <2p+3—2n

The fusion rules requires vanishing of the odd corr. numbers for

ki + ...+ k,<2p—3

Again, starting from n = 4, there is not enough resonance terms to adjust.

18



3. Finding the Liouville coordinates

Q(U) = Q(u‘{’r}) — Pt = Mup—l _ i tk({T}) up—k—l
k=1

Expansion in {7}:
p—1 1 p—1
Qui{7}) = Qo(u) + Y 7 Qr(u) + 3 > T Thy Qi (1) +
k=1 ki,ka=1
with
Qo(u) =uPtt = Appl w2,

=1

Qr(u) = uP~" " - B,ﬁl) puP=k=3 L~ B,Ef) plyp=k=2=1
0 —k1—ko— 1 k1 —ko—
lekQ(’U,) = —01513{2 yP—r1—R2 3 _ 01513{2 Mup 1—ka—5
ete

Parity (even or odd)
Qo(—u) = (=)' Qo(u),
()P =" Qn(u),

Qk1k2 (_u) - (_)p+1_k1_k2 Qk1k2 (u) )

etc

QO (U) - Q(u)‘{TZO} )

~0Q(u)
Qk(U) N 8Tk {r=0} 7
~ 0?Q(u)
Qkk/ (U) - 8Tk87k;/ {7:0} 9

19



3.1. Partition function

Z(, {7}) = /@

where u, = u4({7}) is some root of Q(u)

Q(ux) =0.

(All roots are real, and u, is the maximal root)

3.2. One- and Two-point correlation numbers

TO/QQk
/Qk ) Qi (u) du

QO(UO) = 0 .

8Tk

8Tk8k/

where

For the corr. numbers with positive parity

uo 1 U %
IR
0 2 — U

| awaiwan=0, k=11

—ug

/uo [Qr(w) Qrr (1) + Qo(w)Qrpr (w)] du ~ g

—ug

Qo(u) = uf™ q(ufun) . qo(1) =0,
Qr(u) =uf ™" g(u/uo),

20



/ [ar(z)qr () + qo(2)qrr (2)] dz ~ dppe

-1

Solution: the Legendre polynomials

W) = Pposal@), o= g
0() = g0 [P 0) = Ppa(@) . g0 =
!

Ztr=0p =7 [ @) du= gty
(O Yarar = % _ZOO Qo()Qr(u)du=0, k=12 ..p—1
(OkOw Yrns = % _ZOO Qr(u)Qprr (u) du =

Ok L (Leg(h)?

Zy 2p—2k—1

with Z, = [(2p— 1)(2p + 1)(2p + 3)]*,

—k—2
u gk
Leg(k) = 5 7 4o

21



3.3. Three-point correlation number

Z = /Ou* Q*(u) du

037
87731 6Tk2 3Tk3

Qi (u0) Qs (u0) Qs (o)

o Q) (uo) "

uQ
/ [Qk, (1) Qs (u) du + two permutations] du
0

The integral cancels the "wrong” part of the first term iff

—kl—k2—4 kSp—l

u Gk, 9k 2p—2k—1
p 90k rp 22 9k

With this

3
~ ~ ~ Nklkgkg
(Oky Ok, Oks Y = — H Leg(k;) -

p i—1

22



3.4. Non-trivial test: four-point correlation numbers

0z Ok Qry Qry Qe Q"
0Tk, - Ok, Q)3 u=uo

Qry @iy Qrs Q;@L + 3 permutations

(Q/)2 u=uop

Qk, Qry Qrsk, + 5 permutations
_ o

uU=ugp

ug
+/ [Qk:lk;g (u)Qrsk, (w) + 2 permutations] du
0

(%
+ / [Qk, (u)Qryksky (u) + permutations] du
0

~~

T
” Counterterm”
Evaluates to Hle Leg(k;) x
4
— k; —k; — 1 +1
[ PRk D PRED p(hragae) — Fylhraies) — Fylhrape)

i=1

with ( E 1 k)

Fy(k) =~ > Op—k—1)
and

e For k4 < kq+ ko + k3 - reproduces exactly the four-point number of the
Minimal Gravity MGy /2,11

o At ky > k1 + ko + k3

(k1 +ka+ks+2—Fky)(2p—3— k1 — ko — ks — ka)
2

4

[ ] Leg(k:)

=1

Vanishes exactly at the ”dangerous” configurations.
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Conclusion

e The problem of finding the ” Liouville coordinates” is rather rigid (leads
to over-determined constraints on the coefficients of the resonance transfor-
mation and regular terms).

e At the level of 4-point numbers the solution exists.

e The resulting two, three, and four point numbers exactly reproduce the
results of the Minimal Gravity.
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