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• Disordered bosons versus fermions
• The cone of elliptic elements
• A semi-realistic model, and how to analyze it
• Low energy effective field theory
• Solution of random matrix model
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TUUG ∪=Unitary and anti-unitary symmetries:     
(    compact)      U

Nambu space              with symmetric bilinear form by CAR.      ∗⊕VV

Decompose into irreducible blocks 
and transfer structure (CAR+T)

Every set of block data specifies a classical irreducible symmetric space, 
and every classical irreducible symmetric space occurs in this way.

of the conjectured 10-fold way for the case of quadratic Hamiltonians:
Proof by Heinzner, Huckleberry, MRZ; Commun. Math. Phys. 257 (2005) 725

Symmetry classes of disordered fermions
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The ten large families of symmetric spaces

022)2(USp)2(USp/)22(USpCII
0)(SO)(SO/)(SOBDI

0)(U)(U/)(UAIII
0)(U/)2(SODIII

)2(SOD
0)(U/)2(USpCI

)2(USpC
)2(USp/)2(UAII

)(O/)(UAI
)(UA

t

=××+
=××+

=××+
=
=

=
=

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=

∗

∗

∗

WqpZqpqp
WqpZqpqp

WqpZqpqp
WZNN

WWZN
WZNN

WWZN
NN

NN
N

WZ
ZW

H

 , quaternion
 , real 

 ,complex  
 skew,complex 
 skew,complex 

 symmetric,complex  
 symmetric,complex  

adjointselfquaternion
symmetricreal

Hermitiancomplex

offormspacesymmetricfamily



The 10-Way Table

IC

For systems in the diffusive regime, random matrix models of 
a given symmetry class are known to be described by a 
corresponding supersymmetric nonlinear sigma model: 

RME      A     AI      AII    C      CI    D     DIII  AIII   BDI   CII

noncomp.   AIII  BDI   CII    DIII   D     CI    C     A      AI      AII

compact     AIII  CII    BDI   CI     C     DIII  D     A      AII     AI
susy NLsM

For each class, the target space of the nonlinear sigma model 
is a Riemannian symmetric superspace
MRZ, J. Math. Phys. 37 (1996) 4986 
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Bosons are different



The universality question for low-frequency bosons
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algebra) Lie symplectic real
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Systems

• Vibrational modes of an amorphous solid
• Spin waves in a disordered magnet
• Density oscillations of a Bose-Einstein condensate 

subject to a random potential
• Electromagnetic modes in a disordered optical medium
• Excitations of a charge-density wave pinned by disorder

Note: because low-frequency Goldstone bosons have 
long wave length, they don’t see weak disorder!

Chalker, Gurarie; Altland



2. locality of Hamiltonian (lattice, graph)     
3. given 1.+2., postulate maximum entropy       

1. probability density supported on       E

Desirable properties of RME:

The cone of elliptic elements

oscillator

free motion
unstable
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The Model

model orbital s Wegner' withComparison

symmetry  withondistributi Gaussian fromDraw 

  :dynamics of Generator
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:links on spaces vector EuclideanAuxiliary 

:sites at spaces vector symplectic Real
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How to analyze the model

theory. fieldx supermatri construct to izationsuperboson Use
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• P. Littelmann, H.-J. Sommers, and MRZ:                              
Commun. Math. Phys. (published online: June 2008)

• J.E. Bunder, K.B. Efetov, V.E. Kravtsov, O.M. Yevtushenko,  
and MRZ: J. Stat. Phys. 129 (2007) 809

Superbosonization

Lehmann, Saher, Sokolov, Sommers (95)

Hackenbroich, Weidenmüller (95)

Barruto, Brower, Svetitsky (01)

Efetov, Schwiete, Takahashi (04)                                                           

Guhr (06),  Basile, Akemann (07)
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Supersymmetry method (I)



Supersymmetry method (II)
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Special case: commuting variables only
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643 (2002)  B Phys. Nucl.  Fyodorov, see  : to tionGeneraliza
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q > 1:  Kawamoto and Smit, Nucl. Phys. B 192 (1981) 100

Special case: Grassmann variables only
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Supermatrix field theory

Zero-dimensional limit         one-matrix model      →
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Zero-dimensional limit:

Solution of random matrix model



Exact solution using bi-orthogonal polynomials:

Lück, Sommers, MRZ; J. Math. Phys. 47 (2006) 103304

In the large-N limit, correlation functions exhibit GUE (sine kernel) 
universality at high frequencies     and novel behavior for small     .       ω ω
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Single site; maximal symmetry

Random Matrix Model
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Orthogonal polynomials were studied by Konhauser (1967)
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density of states,   =1α



Discussion

10 HHH +=• Need further generalization to
=1H random.=0H deterministic,

• ‘Bosons are different’

• A graph-type model and its treatment by superbosonization

• Zero-dimensional limit:                                              
complete solution of invariant random matrix ensemble 
(novel type of correlation functions found)

Ongoing and future research:

• Develop analogous theory for time-reversal invariant systems

• RG treatment of low-energy effective theory
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